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EDITORS’ PREFACE. 


Tue volume called Higher Mathematics, the first edition 
of which was published in 1896, contained eleven chapters by 
eleven authors, each chapter being independent of the others, 
but all supposing the reader to have at least a mathematical 
training equivalent to that given in classical and engineering 
colleges. The publication of that volume is now discontinued — 
and the chapters are issued in separate form. In these reissues 
it will generally be found that the monographs are enlarged 
by additional articles or appendices which either amplify the 
former presentation or record recent advances. This plan of 
publication has been arranged in order to meet the demand of 
teachers and the convenience of classes, but it is also thought 
that it may prove advantageous to readers in special lines of 
mathematical literature. 

It is the intention of the publishers and editors to add other 
monographs to the series from time to time, if the call for the 
same seems to warrant it. Among the topics which are under 
consideration are those of elliptic functions, the theory of num- 
bers, the group theory, the calculus of variations, and non- 
Euclidean geometry; possibly also monographs on branches of 
astronomy, mechanics, and mathematical physics may be included. 
It is the hope of the editors that this form of publication may 
tend to promote mathematical study and research over a wider 
field than that which the former volume has occupied. 


December, 1905. 
ili 


AUTHOR’S’ PREBAGE: 


THE following pages are designed as supplementary to the 
discussions of equations in college text-books, and several methods 
of solution not commonly given in such works are presented 
and exemplified. The aim kept in view has been that of the 
determination of the numerical values of the roots of numerical 
equations, and algebraic analysis has been used only to further 
this end. Historical references are given, problems stated as 
exercises for the student, and the attempt has everywhere been 
made to present the subject clearly and concisely. The volume 
has not been written for those thoroughly conversant with the 
theory of equations, but rather for students of mathematics, 
computers, and engineers. 

This edition has been enlarged by the addition of five articles 
which render the former treatment more complete and also give 
recent investigations regarding the expression of roots in series. 
While not designed for college classes, it is hoped that the book 
may prove useful to postgraduate students in mathematics, 
physics and engineering, and also tend to promote general interest 
in mathematical science. 


SouTH BETHLEHEM, PA., 
December, 1905. 
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THE SOLUTION OF EQUATIONS. 


ArT. 1. INTRODUCTION. 


THE science of algebra arose in the efforts to solve equations. 
Indeed algebra may be called the science of the equation, since 
the discussion of equalities and the transformation of forms into 
simpler equivalent ones have been its main objects. The solu- 
tion of an equation containing one unknown quantity consists 
in the determination of its value or values, these being called 
roots. An algebraic equation of degree 1 has n roots, while tran- 
scendental equations often have an infinite number of roots. The 
object of the following pages is to present and exemplify convenient 
methods for the determination of the numerical values of the 
roots of both kinds of equations, the real roots receiving special 
attention because these are mainly required in the solution of 
problems in physical science. 

An algebraic equation is one that involves only the opera- 
tions of arithmetic. It is to be first freed from radicals so as 
to make the exponents of the unknown quantity all integers; 
the degree of the equation is then indicated by the highest ex- 
ponent of the unknown quantity. The algebraic solution of an 
algebraic equation is the expression of its roots in terms of 
the literal coefficients; this is possible, in general, only for linear, 
quadratic, cubic, and quartic equations, that is, for equations 
of the first, second, third, and fourth degrees. A numerical 
equation is an algebraic equation having all its coefficients real 
numbers, either positive or negative. For the four degrees 
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above mentioned the roots of numerical equations may be 
computed from the formulas for the algebraic solutions, unless 
they fall under the so-called irreducible case wherein real 
quantities are expressed in imaginary forms. 


An algebraic equation of the z“ degree may be written 
with all its terms transposed to the first member, thus: 


a*taxttaszrt+t...ta_~«~+a,=090, 

and, for brevity, the first member will be called /(4) and the 
equation be referred to as f(x) =0. The roots of this equa- 
tion are the values of x which satisfy it, that is, those values of 
«x that reduce /(+) too. When all the coefficients @,, a,,...a, 
are real, as will always be supposed to be the case, Sturm’s 
theorem gives the number of real roots, provided they are un- 
equal, as also the number of real roots lying between two 
assumed values of x, while Horner’s method furnishes a con- 
venient process for obtaining the values of the roots to any 
required degree of precision. 

A transcendental equation is one involving the operations 
of trigonometry or of logarithms, as, for example, + + cos = 0, 
or a* + x7b*=0. No general method for the literal solution 
of these equations exists ; but when all known quantities are 
expressed as real numbers, the real roots may be located and 
computed by tentative methods. Here also the equation may 
be designated as f(+) = 0, andthe discussions in Arts. 2-5 will 
apply equally well to both algebraic and transcendental forms, 
The methods to be given are thus, in a sense, more valuable 
than Sturm’s theorem and Horner’s process, although for 
algebraic equations they may be somewhat longer. It should 
be remembered, however, that algebraic equations higher than 
the fourth degree do not often occur in physical problems, and 
that the value of a method of solution is to be measured not 
merely by the rapidity of computation, but also by the ease 
with which it can be kept in mind and applied. 


Prob. 1. Reduce the equation (a + x)#-+ (a — x) = 26 to an 
equation having the exponents of the unknown quantity all integers. 
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ART. 2. GRAPHIC SOLUTIONS. 


Approximate values of the real roots of two simultaneous 
algebraic equations may be found by the methods of plane 
analytic geometry when the coefficients are numerically 
expressed. For example, let the given equations be 


gty=a’, az’ —br=y" — gy, 


the first representing a circle and the second a hyperbola. 
Drawing two rectangular axes OXY and OY, the circle is de- 
scribed from O with the radius a. The coordinates of the 
center of the hyperbola are found to be OA = $6 and AC = de, 


while its diameter BD =/& — 2, from which the two 
branches may be described. 
The intersections of the circle 
with the hyperbola give the 
feqevaiues of x and y. If 
fae? == A, and ¢ = 3, there 
are but two real values for x 
and two real values for y, 
since the circle intersects but 





one branch of the hyperbola ; 
here Om is the positive and 
Op the negative value of +, while mm is the positive and fg 
the negative value of y. When the radius a is so large that 
the circle intersects both branches of the hyperbola there are 
four real values of both + and y». 

[By a similar method approximate values of the real roots of 
an algebraic equation containing but one unknown quantity may 
be graphically found. For instance, let the cubic equation 
a°+ax —b=0 be required to be solved.* This may be 


: . ° ° 
written as the two simultaneous equations 


Tinh ak yr=—axrt+, 
) * See Proceedings of the Engineers’ Club of Philadelphia, 1884, V«l. IV, 
" PP. 47-49 
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and the graph of each being plotted, the abscissas of their 
points of intersection give the real roots of the cubic. The 
curve y = x* should be plotted upon 
cross-section paper by the help of a 
table of cubes; then OB is laid off 
equal to 4, and OC equal to a/8, tak- 
ing care to observe the signs of a and 
6. The line joining B and C cuts 
the curve at ~, and hence gf is the 
real root of #*+az—6=0. Ifthe 
cubic equation have three real roots the straight line BC will 
intersect the curve in three points. 





Some algebraic equations of higher degrees may be graphic- 
ally solved in a similar manner. For the quartic equation 
e+ Az’?+ Be—C=O0, it is best to put ¢= Aix, and thus 
reduce it to the form #*+ 2*+ 64 —c=0; then the two 
equations to be plotted are 

yor 2’, y= —bxte, 
the first of which may be drawn once for all upon cross-section 
paper, while the straight line represented by the second may 
be drawn for each particular case, as described above.* 

This method is also applicable to many transcendental equa- 
tions; thus for the equation Az — Bsinx =0 it is best to 
write ax — sina = 0; then y= sin 1s readily plotted by help 
of a table of sines, ‘while y= ax is a straight line passing 
through the origin. In the same way a* — #* = 0 gives the 
curve represented by y = a* and the parabola represented by. 
y = x’, the intersections of which determine the real roots of 
the given equation. 

Prob. 2. Devise a graphic solution for finding approximate 
values of the real roots of the equation x°+ ax*+ bx°+ cx + d=o. 


Prob. 3. Determine graphically the number and the approximate 
values of the real roots of the equation arc x — 8sinx=o. 


* For an extension of this method to the determination of imaginary roots, 
see Phillips and Beebe’s Graphic Algebra, New York, 1882. 
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AR Teo CLUE EGU LA VEALST 


One of the oldest methods for computing the real root of 
an equation is the rule known as “regula falsi,” often called 
the method of double position.* It depends upon the princi- 
ple that if two numbers #, and x, be substituted in the expres- 
sion f(x), and if one of these renders (x) positive and the other 
renders it negative, then at least one real root of the equation 
fiz) =0 lies between x, and z,. Let the figure represent a 
part of the real graph of the equation y= f(x). The point X, 
where the curve crosses the axis of abscissas, gives a real root 
OX of the equation (4) = 0. Let OA and OB be inferior and 
superior limits of the root OX which are determined either by 
trial or by the method of Art. 5. 

Let Aa and Ld be the values of 
f(x) corresponding to these limits. YQ 4 xy 









Join ad, then the intersection C of 
the straight line ad with the axis 
OB gives an approximate value 
OC for the root. Now compute 
Cc and join ac, then the intersection D gives a value OD which 
is closer still to the root OX. 

Let x, and x, be the assumed values OA and OB, and let 
f(x,) and /(x,) be the corresponding values of /(+) represented 
by Aa and 52d, these values being with contrary signs. Then 
from the similar triangle daC and BOC the abscissa OC is 


¥,J(%)) — %,J%s)_ te (4-4, (4) _ ans # (+2) 
#1) — As) Ke.) —fa,) Fe) ehcp 
By a second application of the rule to x, and x,, another value 
x, is computed, and by continuing the process the value of + 
can be obtained to any required degree of precision. 
As an example let f+) = 2#°+ 52°+7=0. Here it may 
be found by trial that a real root lies between —2 and — 1.8. 


4, 


* This originated in India, and its first publication in Europe was by Abra- 
ham ben Esra, in 1130. See Matthiesen, Grundziige der antiken und moder- 
nen Algebra der litteralen Gleichungen, Leipzig, 1878. 
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For x, = — 2, f(#,) = — 5, and for x, = —1.8, /(x,) = + 4.304; 


then by the regula falsi there is found x, = — 1.90 nearly. 
Again, for +, = — 1.90, /(#,) = + 0.290, and these combined 
with x, and /(%,) give +, = — 1.906, which is correct to the 


third decimal. 

As a second example let /(x) = arcz — sinx — 0.5 =o. 
Here a graphic solution shows that there is but one real root, 
and that the value of it lies between 85° and 86°. For 7,= 85°, 
fK#,) = — 0.01266, and for x, = 86°, f(x,) = + 0.00342; then 
by the rule +, = 85° 44’, which gives /(x,) = — 0.00090. Again, 
combining the values for x, and +, there is found +, = 85° 47’, 
which gives /(%,) = — 0.00009. Lastiy, combining the values 
for x, and x, there is found x, = 85~ 47’.3, which is as close an 
approximation as can be made with five-place tables. 


In the application of this method it is to be observed that 
the signs of the values of x and /(#) are to be carefully re- 
sarded, and also that the values of (7) to be combined in one 
operation should have opposite signs. For the quickest 
approximation the values of /(4) to be selected should be those 
having the smallest numerical values. 


Prob. 4. Compute by the regula falsi the real roots of «°—0.25=0. 
Also those of x* + sin 2x =0. 


ART. 4. NEWTON’S APPROXIMATION RULE. 


Another useful method for approximating to the value of 
the real root of an equation is that devised by Newton in 1666.* 

| If y =/(*) be the equation airs 
curve, OX in the figure represents a 
real root of the equation /(7) =o. 
Let OA be an approximate value of 
OX, and Aa the corresponding value 
of f(x). Ata let aB be drawn tangent 
to the curve; then OB is another approximate value of OX. 





* See Analysis per equationes numero terminorum infinitas, p. 269, Vol. I 
of Horsely’s edition of Newton’s works (London, 1779), where the method is 
given in a somewhat different form. 
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Let 2d be the value of /(x) corresponding to OS, and at 6 
let the tangent 6C be drawn; then OC is a closer approxima- 
tion to OX, and thus the process may be continued. 

Let /(«) be the first derivative of (x); or, f (4) = df(+)/dx. 
For « = +, = OA in the figure, the value of /(z,) is the ordi- 
nate Aa, and the value of /(x,) is the tangent of the angle 
aBA; this tangent is also Aa/AB. Hence AB = f\z,)// (4,), 
and accordingly OB and OC are found by 


J(*1) I (#2) 
Bie, wee ’ AS Hear ce ENED 
ere ilaat S'(*) 
which is Newton’s approximation rule. Bya third application 
to x, the closer value x, is found, and the process may be con- — 


tinued to any degree of precision required. 





os 


For example, let fv) = #°+52°+7=0. The first deriv- 
ative is f(#) = 54° + 10%. Here it may be found by trial that 


— 2 is an approximate value of the real root. For 7, = — 2 
Wii 5, and 7’(7,) — 60, whence by the rule x, = — 1.02. 
Now for +, = — 1.92 are found /(%,) = — 0.6599 and 
J (#,) = 29.052, whence by the rule x, = — 1.906, which is 


correct to the third decimal. 


As a second example let fx) =2*°+ 4sinx=o0. Here 
the first derivative is f(x) = 2%-+4cosx. An approximate 
value of x found either by trial or by a graphic solution is 


a“4=—1.94, corresponding to about —111°09’. For 7,=—1.94, 
Wit j= 0.03304 and | /"(x,).= — 5.323, whence by the rule 
4,= — 1.934. Bya second application +, = — 1.9328, which 


corresponds to an angle of — 110° 543’. 


In the application of Newton’s rule it is best that the 
assumed value of x, should be such as to render f(%,) as small 
as possible, and also /’(%,) as large as possible. The method 
will fail if the curve has a maximum or minimum between @ 
and 6 It is seen that Newton’s rule, like the regula falsi, 
applies equally well to both transcendental and algebraic equa- 
tions, and moreover that the rule itself is readily kept in mind 
by help of the diagram. ) 
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Prob. 5. Compute by Newton’s rule the real roots of the alge- 
braic equation «‘— 7x-+6=o0. Also the real roots of the trans- 
cendental equation sinx-+ arcx —2=0, 


ART. 5. SEPARATION OF THE ROOTS. 


The roots of an equation are of two kinds, real roots and 
imaginary roots. Equal real roots may be regarded as a spe- 
cial class, which lie at the limit between the real and the imagi- 
nary. If an equation has pf equal roots of one value and g equal 
roots of another value, then its first derivative equation has 
~ — 1 roots of the first value and g —1 roots of the second 
value, and thus all the equal roots are contained in a factor 
common to both primitive and derivative. Equal roots may 
hence always be readily detected and removed from the given 
equation. For instance, let #* — 92°-+ 44-+12= 0, of which 
the derivative equation is 44°— 18%-++4=0; as r—2 isa 
factor of these two equations, two of the roots of the primitive 
equation are -+ 2. 


The problem of determining the number of the real and 
imaginary roots of an algebraic equation is completely solved 
by Sturm’s theorem. If, then, two values be assigned to 4 the 
number of real roots between those limits is found by the same 
theorem, and thus by a sufficient number of assumptions limits 
may be found for each real root. As Sturm’s theorem is known 
to all who read these pages, no applications of it will be here 
given, but instead an older method due to Hudde will be 
presented which has the merit of giving a comprehensive view 
of the subject, and which moreover applies to transcendental 
as well as to algebraic equations.* 


If any equation y= f(x) be plotted with values of x as 
abscissas and values of y as ordinates, a real graph is obtained 
whose intersections with the axis OX give the real roots of the 


* Devised by Hudde in 1659 and published by Rolle in 1690. See CEuvres 
de Lagrange, Vol. VIII, p. Igo. 
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equation f(z) =o. Thus in the figure the three points marked 
X give three values OX for three real roots. The curve which 
repr sents y = f(x) has points of maxima and minima marked 
A, aad inflection points marked 4. Now let the first deriva- 
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tive equation dy/dr= f/’(x) be formed and be plotted in the 
same manner on the axis O’X". The condition /’(4)= 0 gives 
the abscissas of the points A, and thus the real roots O’X" give 
limits separating the real roots of f(v)=0. To ascertain if a 
real root OX lies between two values of O’.X" these two values 
are to be substituted in f(x): if the signs of /(7) are unlike in 
the two cases, a real root of f(x) =0 lies between the two 
limits; if the signs are the same, a real root does not lie between 
those limits. 

In like manner if the second derivative equation, that is, 
neyo ——7 (2), be plotted on OX”, the intersections give 
limits which separate the real roots of f’(v)=0. It is also 
seen that the roots of the second derivative equation are the 
abscissas of the points of inflection of the curve y = /(*). 


To illustrate this method let the given equation be the 
quintic fix) = x — 52°+6r-+2=0. The first derivative 
equation is /’(4) = 5%‘ —1542* +6 =0, the roots of which are 
approximately — 1.59, — 0.69, + 0.69, + 1.59. Now let each 
of these values be substituted for x inthe given quintic, as also 
the values — oo, 0, and + o, and let the corresponding values 
of f(x) be determined as follows: 
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Ht | Od yee) aa 0.69, O; ae 0.69, ta 1.59, a fs Os 
Kay=—o, +24 —06, +2, +47, +16, +00. 


Since f(x) changes sign between +, =— oo and 4, = — 1.509, 
one real root lies between these limits; since /(%) changes sign 
between 4, = —1.59 and +, = — 0.69, one real root lies between 
these limits; since /(7) changes sign between x, = — 0.69 and 
4“, = 0, one real root lies between these limits; since /(7) does 
not change sign between 7, =0 and 7, =o, a pair of imagi- 
nary roots is indicated, the sum of which lies between + 0.69 
and o. 

As a second example let fx) = e* — e*—4=0. The first 
derivative equation is /’(x) = e* — 2e*¥= 0, which has two 
roots e = 4 and & = o, the latter corresponding to = — o. 
For + = — o, f() is negative; for e¢ = 4, (x) is negative ; for 
*=+o, f4) is negative. The equation *—&*—4=0 
has, therefore, no real roots. 

When the first derivative equation is not easily solved, the 
second, third, and following derivatives may be taken until an 
equation is found whose roots may be obtained. Then, by 
working backward, limits may be found in succession for the 
roots of the derivative equations until finally those of the 
primative are ascertained. In many cases, it is true, this proc- 
ess may prove lengthy and difficult, and in some it may fail 
entirely; nevertheless the method is one of great theoretical 
and practical value. 


Prob. 6. Show that e* ++ e-** — 4 =0 has two real roots, one 
positive and one negative. 


Prob. 7. Show that x°-++ «-+ 1= has no real roots; also that 
x° — x —1=0 has two real roots, one positive and one negative. 


ART. 6. NUMERICAL ALGEBRAIC EQUATIONS. 


An algebraic equation of the x degree may be written 
with all its.terms transposed to the first member, thus: 


a*taxttazrt... t+aiu.*%+a,=0; 
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and if all the coefficients and the absolute term are real num- 
bers, this is commonly called a numerical equation. The first 
member may for brevity be denoted by /(%) and the equation 
tech by (7) — 0. 

The following principles of the theory of algebraic equations 
with real coefficients, deduced in text-books on algebra, are 
here recapitulated for convenience of reference: 

(1) If x, is a root of the equation, /(x) is divisible by « — «,; 
and conversely, if /(x) is divisible by x —x,, then «, is a root of the 
equation. 

(2) An equation of the z‘" degree has z roots and no more. 

emt... X, are the roots of the equation, then the prod- 
uct (« — x,)(x — x,)... (x — x,) is equal to f(x). 

(4) The sum of the roots is equal to — a,; the sum of the prod- 
ucts of the roots, taken two in a set, is equal to + a,; the sum of 
the products of the roots, taken three in a set, is equal to — a,; and 
so on. The product of all the roots is equal to — a, when x is 
odd, and to + a, when ~ is even. 


(s) The equation /(x) =o may be reduced to an equation lack- 


ing its second term by substituting y — a,/z for x.* 


(6) If an equation has imaginary roots, they occur in pairs of 





the form ~ + gz where 7 represents Ny I. 


(7) An equation of odd degree has at least one real root whose. 


sign is opposite to that of a,. 


(8) An equation of even degree, having a, negative, has at least 


two real roots, one being positive and the other negative. 

(9) A complete equation cannot have more positive roots than 
variations in the signs of its terms, nor more negative roots than 
permanences in signs. If all roots be real, there are as many posi- 
tive roots as variations, and as many negative roots as permanences. + 

(ro) In an incomplete equation, if an even number of terms, 
say 2m, are lacking between two other terms, then it has at least 27 


* By substituting y? + py -+ g for x, the quantities g and g may be determined 
so as to remove the second and third terms by means of a quadratic equation, 
the second and fourth terms by means of a cubic equation, or the second and 
fifth terms by means of a quartic equation. 

+ The law deduced by Harriot in 1631 and by Descartes in 1639. 


NW 
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imaginary roots; if an odd number of terms, say 2 + 1, are lacking 
between two other terms, then it has at least either 2m -+ 2 or 2m 
imaginary roots, according as the two terms have like or unlike 
signs.* 

(11) Sturm’s theorem gives the number of real roots, provided 
that they are unequal, as also the number of real roots lying be- 
tween two assumed values of x. 

(12) If a-is the greatest negative coefficient, and if a, is the 
greatest negative coefficient after x is changed into — x, then all 
real roots lie between the limits a, + 1 and — (a, +1). 

(13) If a is the first negative and a, the. greatest negative co- 

1 


efficient, then a, +1 is a superior limit of the positive roots. If 


a, be the first negative and a, the greatest negative coefficient after 
I 


x is changed into — x, then a,’ + 1 is a numerically superior limit 
of the negative roots. ) 

(14) Inferior limits of the positive and negative roots may be 
i 


found by placing x = z7 and thus obtaining an equation /(z) =o 
whose roots are the reciprocals of /(x) = o. 

(15) Horner’s method, using the substitution « = z — x where r 
is an approximate value of x,, enables the real root x, to be com- 


puted to any required degree of precision. 


The application of these principles and methods will be 
familiar to all who read these pages. Horner’s method may 
be also modified so as to apply to the computation of imagi- 
nary roots after their approximate values have been found.t 
The older method of Hudde and Rolle, set forth in Art. 5, is 
however one of frequent convenient application, for such alge- 
braic equations as actually arise in practice. By its use, 
together with principles (13) and (14) above, and the regula 
falsi of Art. 3, the real roots may be computed without any 
-assumptions whatever regarding their values. 

For example, let a sphere of diameter D and specific gravity 


* Established by Du Gua; see Memoirs Paris Academy, 1741, pp. 435-494. 

+ Sheffler, Die Auflésung der algebraischen und transzendenten Gleichung- 
-en, Braunschweig, 1859; and Jelink, Die Auflésung der héheren numerischen 
« Gleichungen, Leipzig, 1865. 
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g float in water, and let it be required to find the depth of im- 
mersion. The solution of the problem gives for the depth x 
the cubic equation 
a*— 8Dx’+4Dig=0. 

Piena particular case let Y= 2 feet and g= 0.65; then the 
equation | : 
a“* — 32°-+ 26=0 
is to be solved. The first derivative equation is 347 —6%4 =o 
whose roots are 0 and 2. Substituting these, there is found 
one negative root, one positive root less than 2, and one posi- 
tive root greater than 2. The physical aspect of the question 
excludes the first and last root, and the second isto be computed. 
By (13) and (14) an inferior limit of this root is about 0.5, so 
that it lies between 0.5 and 2. For z,=0.5, f(x,) =+ 1.975, 
Simeon, 2, /(7,) = —1.4; then by the regula falsi +,=1.35. 
For +, =1.35, /(4,) = — 0.408, and combining this with x, the 
regula falsi gives x, = 1.204 feet, which, except in the last 
decimal, is the correct depth of immersion of the sphere. 

Prob. 8. The diameter of a water-pipe whose length is 200 feet 
and which is to discharge 100 cubic feet per second under a head 


of 10 feet is given by the real root of the quintic equation 
x — 38x -- 101 =0. Find the value of x. 


ART. 7. TRANSCENDENTAL EQUATIONS. 


Rules (1) to (15) of the last article have no application to 
trigonometrical or exponential equations, but the general prin- 
ciples and» methods of Arts. 2-5 may be always used in 
attempting their solution. Transcendental equations may 
have one, many, or no real roots, but those arising from prob- 
lems in physical science must have at least one real root. Two 
examples of such equations will be presented. 


A cylinder of specific gravity ¢ floats in water, and it is 
required to find the immersed arc of the circumference. If 
this be expressed in circular measure it is given by the trans- 
cedental equation 

K(#) = * — sin x — 27g =0. 
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The first derivative equation is I —cos# =0, whose root is 
any even multiple of 2z. Substituting such multiples in f(x) 
it is found that the equation has but one real root, and that 
this lies between o and 27; substituting $7, 2?z, and 7 for z, it 
is further found that this root lies between $z and z. 


As a particular case let g =: 0.424, and for convenience in 

using the tables let x be expressed in degrees; then 
Ji“) = * — 57° .2958 sin 4 — 152° .64. 

Now proceeding by the regula falsi (Art. 3) let x, = 180° and 
x,=135°, giving f(x,) =+ 27° .36 and f(x,) =—58°.16, whence 
4, =166°. For z,=166°, f(z,) =—o .460, and hence 166 saan 
approximate value of the root. Continuing the process, # is 
found to be 166°.237, or in circular measure +=2.9014 radians. 


As a second example let it be required to find the horizon- 
tal tension of a catenary cable whose length is 22 feet, span 20 
feet, and weight 10 pounds per linear foot, the ends being sus- 
pended from two points onthe same level. If 7 be the span, s 
the length of the cable, and za length of the cable whose weight 


equals the horizontal tension, the solution of the problem leads 
Z 


22 


Z 
to the transcendental equation s= ( 2 —e ie or inserting 
the numerical values, 


(ee 
J3) S22 eee 


is the equation to be solved. The first derivative equation is 


J(e=- & — pollee De +. on Oe 
and this substituted in /(z) shows that one real root is less than 
about 20. Assume z, =15, then Az,)=0.486 and /(z,)=0.206, 
whence by Newton’s rule (Art. 4) 4, = 13 nearly. Next for 
2, = 13, /(z,) = — 0.0298 and /(2,) = 0.322, whence see =snaem 
Lastly for 2, = 13.1 /(2,) =0.0012 and /{(2,) = 0.3142, whence 
Z, = 13.096, which is a sufficiently close approximation. The 
horizontal tension in the given catenary is hence 130.96 pounds.* 


® — 2 sinh@, this equation may be written 114 — 1o sinh@, 


*Since e? — e~ 
where 6 = 10271, and the solution may be expedited by the help of tables of 


hyperbolic functions. See Chapter IV. 
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Prob. 9. Show that the equation 3 sin « — 2x — 5 =0 has but 
one real root, and compute its value. 


Prok. 10. Find the number of real roots of the equation 
2x -+ log « —10000 =o, and show that the value of one of them is 


Xx = 4995.74. 


ART. 8. ALGEBRAIC SOLUTIONS. 


Algebraic solutions of complete algebraic equations are 
only possible when the degree z is less than 5. It frequently 
happens, moreover, that the algebraic solution cannot be used 
to determine numerical values of the roots as the formulas 
expressing them are in irreducible imaginary form. Neverthe- 
less the algebraic solutions of quadratic, cubic, and quartic 
equations are of great practical value, and the theory of the 
subject is of the highest importance, having given rise in fact 
to a large part of modern algebra. 


The solution of the quadratic has been known from very 
early times, and solutions of the cubic and quartic equations 
were effected in the sixteenth century. A complete investiga- 
tion of the fundamental principles of these solutions was, how- 
ever, first given by Lagrange in 1770.* This discussion showed, 
if the general equation of the z'® degree, f(x) =o, be deprived 
of its second term, thus giving the equation /(y) = 0, that the 
expression for the root y is given by 

Y= wS,+ o's, +... +o" 'S,_,5 

in which xz is the degree of the given equation, @ is, in suc- 
feesion, each Of the # roots of unity, 1, 6, &,...e*’, and 
$,, 5y)++-+ 5, -, are the so-called elements which in soluble cases 
are determined by an equation of the z—1™ degree. For 
instance, if 2 = 3 the equation is of the third degree or a cubic, 
the three values of w are 
@o,=I, o=—t+4/—-3=6 Gis d/o = et, 

*Memoirs of Berlin Academy, 1769 and 1770; reprinted in CEuvres de 


Lagrange (I’aris, 1868), Vol. II, pp. 539-562. See also Traité de la résolution 
des équations numeriques, Paris, 1798 and 1808. 
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and the three roots are expressed by 


5 ie er J, = €5, + ’s,, J, = €S,+ 65,, 
in which s,° and s,° are found to be the roots of a quadratic 
equation (Art. 9). 

The z values of a are the z roots of the binomial equation 
c*—1=0. If x be odd, one of these is real and the others 
are imaginary; if 2 be even, two are real and z — 2 are imagi- 
nary.* Thus the roots of w* — 1 =o are +1 and —1; those 
of wm’ —1I=o0 are given above; those of w‘—1I=0 are 
+1,-+72, —1, and —z where 7 isx/— 1. For the equation 
gw —1 =Othe real root is + 1, and the imaginary roots are 
denoted by e, e’, e, e*; to find these let mw’ — 1 =o be divided 
by w— I, giving 

o + owt ow’+tw+ti1=o, 
which being a reciprocal equation can be reduced to a quad- 
ratic, and the solution of this furnishes the four values, 


ela alt ais he Wen one ain), f= — i114 ¥5+ V— ioe 
ef = —3(r— V5 — V—10 —2%5), a= ire eo 10 +2¥Vs), 
where it will be seen that e.e* = I and e.e* = 1, as should be 


the case, since e* = I. ’ 


In order to solve a quadratic equation by this general 
method let it be of the form 


za’? t2ax+b6=0, 
and let x be replaced by y — a, thus reducing it to 
| y —(a@—b)=0. 


Now the two roots of this are y, = +s, and y, = — s,, whence 
the product of (vy —s,) and (y+ s,) is 


y —s’=0. 
Thus the value of s’ is given by an equation of the first degree, 


* The values of w@ are, in short; those of the 2 ‘‘ vectors” drawn from the 
, center which divide a circle of radius unity into 2 equal parts, the first vector 
G@, = I being measured on the axis of real quantities. See Chapter X. 
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s?=a'—6; and since x = —a+y, the roots of the given 
equation are 

pe a 4) a, Coe ey CO 
which is the algebraic solution of the quadratic. 

The equation of the z —1 degree upon which the solution 
of the equation of the z™ degree depends is called a resolvent. 
If such a resolvent exists, the given equation is algebraically 
solvable; but, as before remarked, this is only the case for 
quadratic, cubic, and quartic equations. 


Prob. 11. Show that the six 6 roots of unity are +1, 


+3(1+ Vv —3), at V—3), ae —$(r-- Vv —3), —3(1— V—>3). 


ART. 9. THE CUBIC EQUATION. 

All methods for the solution of the cubic equation lead te 
the result commonly known as Cardan’s formula.* Let the 
cubic be 

x + 3ax° + 364 + 2c = 0, (1) 
and let the second term be removed by substituting y — a for 
4, giving the form, 


y + 3By + 20=0, (1’) 
in which the values of AB and C are 
B=—-a+4, C= a — 8ab+e. ; (2) 


Now by the Lagrangian method of Art. 8 the values of y are 


We Sit Ss, Sai S, eS) |, = ES, “PES, 
in which e and e are the imaginary cube roots of unity. 
Forming the products of the roots, and remembering that 
e = 1 and e’-+e+1=0, there are found 
IIa FIIs IIs = — 3551 = + 3B, 
| Ve ars tees gis — 2C. 
For the determination of s, and s, there are hence two equa- 
tions from which results the quadratic resolvent 
3° +t 2Cs* — B* = o, and thus 
m= (—C+VH PC) =(—C-VF+C*)h (3) 


* Deduced by Ferreo in 1515, and first published by Cardan in 1545. 
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One of the roots of the cubic in y therefore is 


yo (—C + Vv B ae Giie sie (—C ine V B+ CUE 
and this is the well-known formula of Cardan. 


The algebraic solution of the cubic equation (1) hence con- 
sists in finding & and C by (2) in terms of the given coefficients, 
and then by (3) the elements s, and s, are determined. Finally, 


#4,=—a-+ (5,4 5,), 
#,=—a—45,+5)+3V = 3, —S) (4) 
hg ar a, a(S, a Sy) (ia $4/. = 36, rcs eh 


which are the algebraic expressions of the three roots. 


When 4*+ C” is negative the numerical solution of the 
cubic is not possible by these formulas, as then both s, and s, 
are in irreducible imaginary form. This, as is well known, is 
the case of three real roots, s, -+ s, being a real, while s, — 5s, is 
a pure imaginary.* When &*-+ C”% iso the elements s, and s, 
are equal, and there are two equal roots, +, = +, = —a-+ C3, 
while the other root is r, = —a—2C 4 


When &*+ C°’ is positive the equation has one real and 
two imaginary roots, and formulas (2), (3), and (4) furnish the 
numerical values of the roots of (1). For example, take the 
cubic 

a —4.5a°+ 124 —5 =0, 
whence by comparison with (1) are found a= — 1.5,6=+ 4, 
¢=—2.5. Then from (2) are computed B =1.75, Caeaarame 
These values inserted in (3) give s, = +0.9142, s, =— 1.9142; 
thus s,-+ 5s, = — 1.0 and s,— s, = + 2.8284. Finally, from (4) 


t= 1,5 — 1.0 == 0:5, 

4, = 1.5 +05 + 1.4142 ¥ — 3 = 2+ 2.44953, 

x, = 15 +0.5 — 1.4142 7— 3 = 2 — 2.44952, 
which are the three roots of the given cubic. 


* The numerical solution of this case is possible whenever the angle whose 


cosine is — C/ 4#/— B® can be geometrically trisected. 
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Prob. 12. Compute the roots of «* — 2x—5=o0. Also the roots 
of x*+ 0.6x" — 5.76x + 4.32 = 0. 


Prob. 13. A cone has its altitude 6 inches and the diameter of 
its base 5 inches. It is placed with vertex downwards and one fifth 
of its volume is filled with water. If a sphere 4 inches in diameter 
be then put into the cone, what part of its radius is immersed in the 
water? (Ans. 0.5459 inches). 


ART. 10. THE QUARTIC EQUATION. 


-The quartic equation was first solved in 1545 by Ferrari, 
who separated it into the difference of two squares. Descartes 
in 1637 resolved it into the product of two quadratic factors, 
Tschirnhausen in 1683 removed the second and fourth terms. 
Euler in 1732 and Lagrange in 1767 effected solutions by 
assuming the form of the roots. All these methods lead to 
cubic resolvents, the roots of which are first to be found in 
order to determine those of the quartic. 


The methods of Euler and Lagrange, which are closely 
similar, first reduce the quartic to one lacking the second term, 


y + O6byY + 407+ D=0; 


and the general form of the roots being taken as 


K=+Vs,+Vs,+ V5, I= — V8.4 V5, — V5, 
eee VS, —V¥5,—Vs,, ei VS VS s,, 
the values s,, s,, 5,, are shown to be the roots of the resolvent, 
s+ 34s? + 1/98? — D)s —4C* =0. 

Thus the roots of the quartic are algebraically expressed in 


{erms of the coefficients of the quartic, since the resolvent is 
solvable by the process of Art. 9. 


Whatever method of solution be followed, the following 
final formulas, deduced by the author in 1892, will result.* 
Let the complete quartic equation be written in the form 


a*t gax’ + 662° + 4cx4 + d=0. (1) 
* See American Journal Mathematics, 1892, Vol. XIV, pp. 237-245. 


4. 
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First, let g, Z, and & be determined from 
g=a—b, h=b+4+Ce—2abc+dg, k= hac—b—Fd. (2) 
Secondly, let 7 be obtained by 
L= e+ VEEP) +h VER) (3) 
Thirdly, let #, v, and w be found from 
u=gtl v=2g—-— w= 4u' + 3h — 12gl. 4) 
Then the four roots of the quartic equation are 
og cases = —atVutvVot Vu, | 
%=—atVu— Vo + Vu =f Vw, | 
4,=—-a— Vu +Vv — Vw, 
4,=—a—Vu—Vv— Vu, 


in which the signs are to be used as written provided that 
2a° — 3ab +c is a negative number; but if this is positive all 


(5) 


radicals except Vz are to be reversed in sign. 


These formulas not only serve for the complete theoretic 
discussion of the quartic (1), but they enable numerical solu- 
tions to be made whenever (3) can be computed, that is, when- 
ever #’ + #' is positive. For this case the quartic has two real 
and two imaginary roots. If there be either four real soles or 
four imaginary roots hk’? +-k* is negative, and the irsee 
case arises where convenient numerical values cann 
tained, although they are correctly represented by the 










As an example let a given rectangle have the side 
and let it be required to find the length of an inscj 
tangle whose width is #. If x be this length, this is 
the quartic equation | 


at — (6 +g' 4 amt)x + apg — (p49 — 
and thus the problem is numerically solvable by 


formulas if two roots are real and two imaginary. A 
case let p = 4 feet, g = 3 feet, and m= 1 foot; then 


a*— 272° + 48% — 24 =0. 
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By comparison with (1) are found a=o0, d= — 44,c=+ 12, 
and d= —24. Then from (2), g=+4}, = —4#4, and 
k—=+49, Thus Z*-+ #' is positive, and from (3) the value of / 
is— 3.6067. From (4) are now found, “a= -+-0.8933, v= 12.6067, 
and w=-+ 161.20. Then, since ¢ is positive, the values of the 
four roots are, by (5), 


x, = — 0.945 — V12.607 + 12.697 = — 5.975 feet, 

£,= — 0.945 + 712.607 + 12.697 = + 4.085 feet, 

#,= + 0.945 — 12.607 — 12.697 = + 0.945 — 0.30%, 

#,= +0.945 + 12.607 — 12.697 = + 0.945 4+ 0.303, 
the second of which is evidently the required length. Each of 
these roots closely satisfies the given equation, the slight dis- 
crepancy in each case being due to the rounding off at the third 
decimal.* 


Prob. 14. Compute the roots of the equation «*-+ 7x -+ 6 =0. 
(Ans. — 1.388, — 1.000, 1.194 + 1.7012.) 


ART. 11. QUINTIC EQUATIONS, 


The complete equation of the fifth degree is not algebraic- 
ally solvable, nor is it reducible to a solvable form. Let the 
equation be 

a° + saxt + 5b2* + gcea* + 5dr +2¢=0, 
and by substituting y — a for # let it be reduced to 
y+ 5By' + 50x + 5Dy + 2E =0. 
das five roots of this are, according to Art. 8, a) 
wb fy ae Si Acaee aieh er Bers 
Jo = 65, + e’s,+ e's, + e's, 
Vy = &S, + e's, + es, + €°5,, 
Jy, = &s, + es, + e's, + e's, 
y, = e's, tes, + es, + €s,, 
in which ¢, e’, &* e€* are the imaginary fifth roots of unity. Now 
if the several products of these roots be taken there will be 


* This example is known by civil engineers as the problem of finding the 
length of a strut in a panel of the Howe truss. 
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found, by (4) of Art. 6, four equations connecting the four ele- 
ments S,, S,, S,, and s,, namely, 
— B=S55,+ 5,5, 
— C=sS,'s,+ 5,5, + 5,75, + 575, 
— D=s,'s,+ 5's, + 5°85, + 5,75, — 5,757 — $.°S, + $5,555) 
—2EF =s'+s'+ 5, +5, + 5(5,’5.'s, 4- 5755'S, 4 5:°5,'5, + 5,'5,'5,) 
— 5(s,°s,5, + 5,°5,5, + 5,'5,5, + 5,°5,5,) 
but the solution of these leads to an equation of the 120th 
degree for s, or of the 24th degree for s*. However, by taking 
5,5, — 5,$,.0r S, +5, +5, + 5,2 as the unknown quantity, a 
resolvent of the 6th degree is obtained, and all efforts to find 
a resolvent of the fourth degree have proved unavailing. 
Another line of attack upon the quintic is in attempting to 
remove all the terms intermediate between the first and the 
last. By substituting y* + py + @ for x, the values of p and g 
may be determined so as to remove the second and third terms 
by a quadratic equation, or the second and third by a cubic 
equation, or the second and fourth by a quartic equation, as 
was first shown by Tschirnhausen in 1683. By substituting 
y +p +oy+-~ 7 for s, three terms may be removed, as was 
shown by Bring in 1786. By substituting y*+ py*+ gy7’°+77-++4 
for x it was thought by Jerrard in 1833 that four terms might 
be removed, but Hamilton showed later that this leads to 
equations of a degree higher than the fourth. 


In 1826 Abel gave a demonstration that the algebraic solu- 
tion of the general quintic is impossible, and later Galois 
published a more extended investigation leading to the sdme 
conclusion.* The reason for the algebraic solvability of the 
quartic equation may be briefly stated as the fact that there 
exist rational three-valued functions of four quantities. There 
are, however, no rational four-valued functions of five quan- 
tities, and accordingly a quartic resolvent cannot be found for 
the general quintic equation. 

* Jordan’s Traité des substitutions et des équations algébriques; Paris, 1870. 


Abhandlungen iiber die algebraische Aufldsung der Gleichungen von N. H. 
Abel und Galois; Berlin, 1889. 
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There are, however, numerous special forms of the quintic 
whose algebraic solution is possible. The oldest of these isthe 
quintic of De Moivre, 


Jy + 5BY + 5By + 2E =0, 
which is solved at once by making s, = s, =o in the element 
equations; then — B=s,s, and — 2k =s,’+ s,’, from which 
s, and s, are found, and y, = s, + 5,, or 
y=(-£+ VEE) + (— 8 - VF FEY, 

while the other roots are y,=es,+ ée's,, y, =e’s, + es,, 
ies, -+-eS,, and 7,—es,-+es,. If b°-+ £* be negative, 
this quintic has five real roots; if positive, there are one real 
and four imaginary roots. 

When any relation, other than those expressed by the four 
element equations, exists between s,, 5,, 5,, 5,, the quintic is 
solvable algebraically. Asan infinite number of such relations 
may be stated, it follows that there are an infinite number of 
solvable quintics. In each case of this kind, however, the co- 
efficients of the quintic are also related to each other by a 
certain equation of condition, 

The complete solution of the quintic in terms of one of the 
roots of its resolvent sextic was made by McClintock in 1884.* 
By this method s,’, s,’, s,’, and s,° are expressed as the roots of 
a quartic in terms of a quantity ¢ which is the root of a sextic 
whose coefficients are rational functions of those of the given 
quintic. Although this has great theoretic interest, it is, of 
course, of little practical value for the determination of numer- 
ical values of the roots. 

By means of elliptic functions the complete quintic can, 
however, be solved, as was first shown by Hermite in 1858. 
For this purpose the quintic is reduced by Jerrard’s transfor- 
mation to the form 2° + 5dr-+ 2e =0, and to this form can 
also be reduced the elliptic modular equation of the sixth 
degree. Other solutions by elliptic functions were made by 


* American Journal of Mathematics, 1886, Vol. VIII, pp. 49-83. 
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Kronecker in 1861 and by Klein in 1884.* These methods, 
though feasible by the help of tables, have not yet been sys- 
tematized so as to be of practical advantage in the numerical 
computation of roots. 

Prob. 15. If the relation s,5,=5,s, exists between the elements 
show that s,°+5,° +5,’ +5, = — 2£. 


Prob. 16. Compute the roots of y® + 1oy*-+ 20y + 6 =0, and 
also those of y° — 10y° + 20y +6 =0. 


ART. 12. TRIGONOMETRIC SOLUTIONS. 

When a cubic equation has three real roots the most con- 
venient practical method of solution is by the use of a table of 
sines and cosines. If the cubic be stated in the form (1) of 
Art. 9, let the second term be removed, giving 


Jy + 3By +20=0. 
Now suppose y= 27 sin 6, then this equation becomes 


B 
8 sin’ 0+ O-, sin 6+ 2K =o, 


and by comparison with the known trigonometric formula 
8 sin’ @—6sin 6+ 2 sin 306=0, 
there are found for 7 and sin 36 the values 
ere ETS sin 30=C/V—B, 
in which B is always negative for the case of three real roots 


(Art.9). Now sin36@ being computed, 34 is found from a table 
of sines, and then 6 is known. Thus, 


y, =2r sin 6, y, = 27 sin (120°-+ 6), y, = 2¢ sin (240° + A), © 
are the real roots of the cubic in ».t 


* For an outline of these transcendental methods, see Hagen’s Synopsis der 
hdheren Mathematik, Vol. I, pp. 339-344. 

+ When 4° is negative and numerically less than C?, as also when J? is 
positive, this solution fails, as then one root is real and two are imaginary. In 
this case, however, a similar method of solution by means of hyperbolic sines 
is possible. See Grunert’s Archiv fiir Mathematik und Physik, Vol. xxxviii, 
pp. 48-76. 
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For example, the depth of flotation of a sphere whose diam- 
eter is 2 feet and specific gravity 0.65, is given by the cubic 
equation 7 — 327-+-2.6=0 (Art. 6). Placing x= y-+1 this 
reduces to y*— 3y-+ 0.6 = 0, for which B =—1 and C =-++0.3. 
Thus 7 = 1 and sin 36 =-++-0.3. Next from a table of sines, 
30 = 17° 27’, and accordingly 6= 5° 49’. Then 

Miers 20SiN Gad ==. 0.2027, 
I, = 2 Sin 125° 49’ = + 1.6218, 
J5 = 2 sin 245° 49’ = — 1.8245. 
Adding 1 to each of these, the values of x are 
fee 1.203 feet, 4, = 7- 2.622 feet, 2+, —=—0.825 feet; 


and evidently, from the physical aspect of the question, the 
first of these is the required depth. It may be noted that the 
number 0.3 is also the sine of 162° 11’, but by using this the 
three roots have the same values in a different order. 

When the quartic equation has four real roots its cubic re- 
solvent has also three real roots. In this case the formulas of 
Art. 10 will furnish the solution if the three values of / be ob- 
tained from (3) by the help of a table of sines. The quartic 
being given, g, 4, and £ are found as before, and the value of 
& will always be negative for four real roots. Then 


r—V—k, sin 36 = —h/r, 

and 30 is taken from a table; thus 6 is known, and the three 
values of /are 
een sin 0, J, =r sin(120° +- @), 2, =~7 sin (240°-+ 6). 
Next the three values of w, of v, and of w are computed, and 
’ those selected which give w, w, and v — Vw all positive quanti- 
ties. Then (5) gives the required roots of the quartic. 

As an example, take the case of the inscribed rectangle in 


Art. 10, and let p = 4 feet, g = 3 feet, # = 13 feet; then the 
quartic equation is 


wz — 5iz*°+ 48 Va 4x — 156=0. 
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Here a= 0, J = — 84, c=-+-12 W713, and d= — 156. Next 
g=—-+ 84, A= — 545, and k=— 82: The trigonometric work 
now begins; the value of 7 is found to be + 44, and that of 
sin 39 to be + 0.7476; hence from the table 36 = 48° 23’, and 
6 = 16°07’40". The three values of / are then computed 
by logarithmic tables, and found to be, 


J, = + 1.250, J, = + 3.1187, Z, = — 4.36087. 
Next the values of uw, v, and w are obtained, and it is seen that 
only those corresponding to / will render all quantities under 
the radicals positive ; these quantities are “ = 9.75, v = 15.75, 
and w= 192.0. Then the four roots of the quartic are 


4,=—8.564, +, =+ 2.319, #%,=-+1.746, +x, =-+ 4.499 feet, 
of which only the second and third belong to inscribed rec- 
tangles, while the first and fourth belong to rectangles whose 
corners are on the sides of the given rectangle produced. 

Trigonometric solutions of the quintic equation are not 
possible except for the binomial 2° + a, and the quintic of 
De Moivre. The general trigonometric expression for the root 
sof a quintic lacking its second term is y=27, cos @,+-27, cos 6@,, 
and to render a solution possible, 7, and 7,, as well as cos 6, 
and cos 8@,, must be found; but these in general are roots of 
equations of the sixth or twelfth degree: in fact 7,’ is the same 
as the function s,s, of Art. 11, and 7,’ is the Samewasuec 
Here cos6,-and cos@, may be either circular or hyperbolic 
cosines, depending upon the signs and values of the coefficients 
of the quintic. 

Trigonometric solutions are possible for any binomial equa- 
tion, and also for any equation which expresses the division of 
an angle into equal parts. Thus the roots of 24°+ 1=0 are 
cosm 30° + 2 sin m 30°, in which mm has the values 1, 2, and 3. 
The roots of 4°—52#°+5% — 2 cos5 6 = oare 2 cos (m 72°+ 6) 
where wz has the values 0, I, 2, 3, and 4. 

Prob. 17. Compute by a trigonometric solution the four roots of 
the quartic x«* + 4x° — 24x°—76x—29 =o. (Ans. —6.734, —1.550, 
+ 0.262, + 4.022). 


REAL ROOTS BY SERIES, ype 


Prob. 18. Give a trigonometric solution of the quintic equation 
x° — 56x° + 54°x — 2e = 0 for the case of five real roots. Compute 
the roots when 6 =1 and ¢= 0.752798. (Ans. —1.7940, — 1.3952, 


0.2864, 0.9317, 1.9710.) 


ART. 18. REAL ROOTS BY SERIES. 


The value of # in any algebraic equation may be expressed 
as an infinite series. Let the equation be of any degree, and 
by dividing by the coefficient of the term containing the first 
power of x let it be placed in the form 


a=xtbe + ca?4+ dete t ftt... 


Now let it be assumed that # can be expressed by the series 


a=a+ma’+na-+pa+tgat... 
By inserting this value of x in the equation and equating the 
coefficients of like powers of a, the values of m, mu, etc., are 
found, and then 
x=a — ba’ +(2b°—c)a’—(50°—5dc+@)a*+(140'—216'c+ 6d +4 3¢’—e)a° 

— (420° — 84b°c + 280°d + 28bc* — 7be — qed + fja’+..., 
is an expression of one of the roots of the equation. In order 
that this series may converge rapidly it is necessary that @ 
should be a small fraction.* 

To apply this to a cubic equation the coefficients d, e, Ff, etc., 
are made equal to 0, For example, let x — 34+06=0; 
this reduced to the given form is 0.2 = x — $2’, hence a = 0.2, 
4=0,¢c= — 4, and then 


*z=02+4.02°+4.02°+ etc. = + 0.20277, 

which is the value of one of the roots correct to the fourth 
decimal place. This equation has three real roots, but the 
series gives only one of them; the others can, however, be 
found if their approximate values are known. Thus, one root 
is about ++ 1.6, and by placing x =y-+1.6 there results an 
equation in y whose root by the series is found to be + 0.0218, 
and hence -++ 1.6218 is another root of #*° — 3r +06=0. 


* This method is given by J. B. Mott in The Analyst, 1882, Vol. IX, p. 104. 
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Cardan’s expression for the root of a cubic equatior can be 
expressed as a series by developing each of the cube roots by 
the binomial formula and adding the results. Let the equa- 
tion be y° + 34y + 2C = 0, whose root is, by Art. 9, 


y=(—-CLVBEC) 1 (— C—_ VB eae 
then this development gives the series, 


a ‘ 2 2.5% 855) ¥2...5). Onl Dee 
y= 2(— Cir — Fr — 3-53 2.3+4.05 0100) 1 








in which 7 represents the quantity (2°-+ C*)//3C*. If r=o 
the equation has two equal roots and the third root is 2(—C )8. 
If y is numerically greater than unity the series is divergent, 
and the solution fails. If zis numerically less than unity and 
sufficiently small to make a quick convergence, the series will 
serve for the computation of onereal root. For example, take 
the equation +*° —6r%-+-6=0, where B= —2 and C=3; 
hence 7 = 1/81, and one root is 


y = — 2.8845(1 — 0.01235 — 0.00051 — 0.00032—) = — 2.846, 
which is correct to the third decimal. In comparatively few 
cases, however, is this series of value for the solution of cubics. 


Many other series for the expression of the roots of equa- 
tions, particularly for trinomial equations, have been devised. 
One of the oldest is that given by Lambert in 1758, whereby 
the root of 2*-+ax —6=0 is developed in terms of the 
ascending powers of 6/a. Other solutions were published by 
Euler and Lagrange. These series usually give but one root, 
and this only when the values of the coefficients are such as to 
render convergence rapid. 

Prob. 19. Consult Euler’s Anleitung zur Algebra (St. Petersburg, 


1771), pp- 143-150, and apply his method of series to the solution of 
a quartic equation. 


ART. 14. COMPUTATION OF ALL ROOTS. 


A comprehensive and valuable method for the solution of 
equations by series was developed by McClintock, in 1894, by 
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means of his Calculus of Enlargement.* By this method all 
the roots, whether real or imaginary, may be computed from a 
single series. The following is a statement of the method as 
applied to trinomial equations: 

Let «” = nAx"-*-+ 5” be the given trinomial equation. 
Substitute + = Ay and thus reduce the equation to the form 
y”" =nay**+1 where a= A/B*. Then if &” is positive, the 
roots are given by the series 


yo=oa+oarat wr (1 — 2k-+ n)a’*/2! 
foo" 3(1 — 3h-+-0)(1—38-+20)2°/3 
+o'-"(1—4k+-n)\(1—4h-+2n)(1-4h+3n)a*/4! +... 


in which a represents in succession each of the roots of unity. 
If, however, 5” is negative, the given equation reduces to 

y” = nay" * —1, and the same series gives the roots if w be 
taken in succession as each of the roots of — I. 


In order that this series may be convérgent the value of a® 
must be numerically less than £-*(z — )*”; thus for the quar- 
tic y* = 4ax +1, where x = 4 and £=3, the value of a must 
be less than 2774, 


To apply this method to the cubic equation #°=34r+ BP’, 
Patceewe = and £— 2; and put y= Bx. It then becomes 
7 == 32) + 1 where a = A/S’, and the series is 

y=o-+ wa — 4wa'+iaat..., 
in which the values to be taken for w are the cube roots of 1 
or —I, as the case may be. For example, let 4*— 2% —5 =o. 
Placing y=53r1, this reduces to 7°=0.684 y+1. Here a=0.228, 


and as this is less than 4-3 the series is convergent. Making 
@ = i, the first root is 


y=itt 0.2280 — 0.0039 -++ 0.0009 = 1.2250. 


*See Bulletin of American Mathematical Society, 1894, Vol. I, p. 33; also 
American Journal of Mathematics, 1895, Vol. XVII, pp. 89-110. 
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Next making wo = —$+4/V7— 3, wis —4—4V— 3, 
and the corresponding root is found to be 
y = — 0.6125 + 0.3836 V— 3. 


Again, making wo = —} — 4 7— 3 the third root is found to 
be the conjugate imaginary of the second. Lastly, multiplying 
each value of y by 58, 

x = 2.095, # = —1.047 + 1.136 V— I, 


which are very nearly the roots of 7° — 2% — 5 =O. 


In a similar manner the cubic z*-+ 24-+5 =0 reduces to 


vy’ = — 0.684y —1, for which the series is convergent. Here 
the three values of w are, in succession, — 1,$-+4V— 3, 
—4+4V—3, and the three roots are y= —0.777 and 


We OSS dale ee 

When all the roots are real, the method as above stated 
fails because the series is divergent. The given equation can, 
however, be transformed so as. to obtain z — & roots by one 
application of the general series and & roots by another. As 
an example, let 7° — 2434-+- 330 =o. For the first applica- 
tion this is to be written in the form 





330 
aoe 243° 
for which 2 =1 and £= —2. To make the last term unity 


place + = = 3 and the equation becomes 
Bei 30% 
= 8 ELA +1, 


whence @ = 330°/3.243°. These values of 2, 4, and a are now 
inserted in the above general value of y, and w made unity; 
thus y =0.9983, whence x, =1.368 is one of the roots. For 
the second application the equation is to be written 


sae Okage 
a= 243° + 243, 
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for which z= 2 and &= 3. Placing + = 2433y, this becomes 


whence a = — 1110/2433, and the series is convergent. These 
values of 2, #, and @ are now inserted in the formula for y, 
and g is made + 1 and — 1 in succession, thus giving two 
values for y, from which x, = 14.86 and 4, = — 16.22 are the 
other roots of the given cubic. | 

McClintock has also given a similar and more general 
method applicable to other algebraic equations than trinomials. 
The equation is reduced to the form y* = ua. my + 1, where 
na.@dy denotes all the terms except the first and the last. 
Then the values of y are expressed by the series 


. dad a’ 
yoo -+- Go'- "hoo aor" or" po)*. 4- 


+(0"Z,) ora)’ 5 po ee, 


in which the values of @ are to be taken as before. The 
method is one of great importance in the theory of equations, 
as it enables not only the number of real and imaginary roots 
to be determined, but also gives their values when the conver- 
gence of the series is secured. 


Prob. 20. Compute by the above method all the roots of the 
quartic «*-++- *«-+ 10 =0. 


Art. 15. Roots oF UNITY. 


The roots of +1 and —1 are required to be known in the 
numerical solution of algebraic equations by the method of the 
last article. From the theory of binomial equations given in all 
text-books on algebra, the m roots of +1 are 


(+1)* =cos (m/n)ax+isin (m/n)ax, M=1, 2,3,.-.M (I) 


while those of —1 are expressed by 


Pt =cos (m/n)x+i sin (m/n)xz, M=I,2,3,...% (2) 
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in which 7 represents the square root of —1. From these general 
formulas it is seen that the two imaginary cube roots of +1 are 
¢,= —34+4iNV/3=—0.5 +0.86602541, ~ 
ik 1 


&,=—F- Lin/ 3 = —o.5 —0.86602541, 
and that the two imaginary cube roots of —1 are 

e! = +444iN/3 = +0.5 +0.866025 4%, 

é/=+4- Lin/ 3 = +0.5 —0.86602547. 


For the first case ¢,+¢e,+1=0 and ¢¢,=1, as also ¢,=¢,” and 
é.2=e,, and similar relations apply to the other case. 


” The imaginary fifth roots of positive unity are given in Art, 8 
expressed in radicals; reducing these to decimals, or deriving 
them from the above formula (1) with the help of a trigonometric 
table, there result 
€ = +0.3090170 +0.95105652, ¢?= —0.8090170 +0.58778537, 
e*= +0.3090170 —0.95105052, «*= —0.8090170 — 0.587785 31, 


while the imaginary fifth roots of negative unity are obtained 
from these by changing the signs.- In general, if w is an imaginary 
n™ root of positive unity, —w is an imaginary n™ root of nega- 
tive unity. | ; 

The imaginary sixth roots of positive unity may be expressed 
in terms of the cube roots. Let « be one of the imaginary cube 
roots of +1, then the imaginary sixth roots of +1 are +e, +e 


—e, —e?; these are also the imaginary sixth roots of —1. 
From (1) the imaginary seventh roots of +1 are found to be 


€ = +0.6234898 +0.78183167, «®= +0.6234898 —0.78183161, 
€? = —0.2225209 +0.97492341, ¢°= —0.22252090 —0.97492341, 
e> = —0.9009688 +.0.43388377, ¢4= —0.9009688 —0.43388371, 

and if the signs of these be reversed there result the imaginary 

seventh roots of —1. 

The imaginary eighth roots of +1 are +3, —i, +40 2(1 +4); 
and —4/2(1+i). The imaginary ninth roots of +1 are the two 
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imaginary cube roots of +1, cos 37+7sin 27, and cos $7+7 sin 4z. 
The imaginary tenth roots of +1 are the five imaginary roots 
of +1 and the five imaginary roots of —1. For any value of 
nm the roots of +1 may be graphically represented in a circle 
of unit radius by taking one radius as +1 and drawing other 
radii to divide the circle into m equal parts; if unit distances 
normal to +1 and —1 be called +z and —z, the m radii repre- 
sent all the roots of +1. When this figure is viewed in a mirror, 
the image represents the m roots of —1. Or, in other words, 
the (m/n)"" roots of +1 are unit vectors which make the angles 
(m/n)2x with the unit vector +1, while the (m/n)" roots of —1 
are unit vectors which make the angles (m/n)2z with the unit 
vector —1I. 

The n roots of any unit vector cos +7 sin 0 are readily found 
from De Moivre’s theorem by the help of trigonometric tables. 
Accordingly the cube roots of this vector are cos 40+7 sin 40, 
cos 4(9 +27) +7sin 4(0+2z) and cos 4(0+ 47) +7sin4(0+47z); the 
vectors representing these three roots divide the circle into three 
parts. The trigonometric solution of the cubic equation (Art. 12) 
is one application of De Moivre’s theorem. 


Prob. 21. Compute to six decimal places two or more of the eleventh 
imaginary roots of unity. 

Prob. 22. Compute to five decimal places the five roots of the 
equation «°—0.8—0.61=0. 

Prob. 23. Compute to five decimal places the six roots of the 
equation x°— 80+ 601=0. 


ArT. 16. SOLUTIONS BY MACLAURIN’S FORMULA. 


In 1903 Lambert published a method for the expression by 
Maclaurin’s formula of the roots of equations in infinite series.* 
It applies to both algebraic and transcendental equations, and 
for the former it gives all the roots whether they be real or imag- 
inary. The method is based on the device of introducing a 


* Proceedings American Philosophical Society, Vol. 42. 


¢ 
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factor x into all the terms but two of the equation /(y) =o, whereby 
y becomes an implicit function of x. The successive derivatives 
of y with respect to x» are then obtained, and their values, as also 
those of y, are evaluated for x=o. By Maclaurin’s formula, 
the expansions of y in powers of x become known, and if x be 
made unity in these expansions, the roots of /(y)=o are found, 
provided the resulting series are convergent. 


To illustrate this method by a numerical example, take the 
quartic equation 


y'— 39? +759 — 10 000=0, (x) 
and introduce an x into the second and third terms, thus, - 
y*— 3xy? + 75x —I0 000 =0. (2) 


By Maclaurin’s formula y may be expressed in terms of x, 
and then when x is made unity, the four series thus obtained 
furnish the four roots of (1). Maclaurin’s formula is 


2 i co) a (2) ie 
Y=VoF\ ay te dv ee ie 1 ae 


where y,, (dy/dx),, (d?y/dx?),, etc., denote the values which y 
and the successive derivatives take when x is made o. Differen- 
tiating equation (2) twice in succession, and then placing «=o, 
there are found 


Y= +10, + 10, + 101, — 101, 
(dy/dx), =—0.1125, —0.2625, +0.1875—0.07502, +0.1875+ 0.07501, 
(d’y/dx”) = — 0.0030, +0.0030, —0.0000+ 0.00397, —0.0000— 0.0039, 


in which 7 represents the square root of negative unity. Sub- 
stituting each set of corresponding values in Maclaurin’s formula 
and then placing «=1, there result 


y,= +9.836, ¥3=0.1875 +9.9271, 
V.= —10.261, y,=0.1875 —9.9271, 


which are the roots of (1), all correct to the last decimal. 
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This method may be readily applied to the trinomial equation 
y —nay"-*-b=o. When.» is inserted in the second term, the 
series obtained is 


be =e (52) ci a (si) ae (1—2k+n)a’/2! 


I 


1—3k 
“ (sx) (1-3k+n)(1-3k+2n)a*/3! 


1\ 1—4k 
“+ (77) (1—4k+n)(1—4k+an}(1—4k+3n)a*/a!+... 
and each of the roots is hence expressed in an infinite series, 


r 
since 6” has n values. This series is convergent when a” is 
numerically less than k-*(n—k)*-"b*, and for this case the roots 
can be computed. Now the condition a*=k-*(n—k)'-nb* is 
that of equal roots in the trinomial equation; hence for the cubic 
equation the above series is applicable when one root is real and 
the others imaginary, while for the quartic equation it is applicable 
when two roots are real and two imaginary. For the irreducible 
case in cubics and quartics the above series does not converge 
and the roots cannot be computed from it; this case is treated 
on the next page by inserting x in other terms. This series is the 
same as that derived for trinomial equations by McClintock’s 
method of enlargement (Art. 14). 


As a special case take the quintic equation y®—s5ay—1=o, in 
which the value of 7 is 5, that of k is 4, and those of b* are the 
_five imaginary roots of unity (Art. 15). When a is less than 
4-*, or a less than about 0.33, the above series applies, and if « 
designates one of the imaginary fifth roots of unity (Art. 15), 
the five roots of the equation are 


y=iIt+ea-—a’+a*> — Aa + Wa’ — 187q7 + 28808 —,.., 
yo=e +62a—e*a? + c!a?—2hea® 448 6%q? —18 72997 4 286 e4g8_, , , , 
Yg=e?+eta—ea? + e*a?—2167Q5 +4 iBetg’—18teq? 4288-88. .,, 
yz=e* tea —eta? + c7a>— % 167054 78eq7 —18tetg? 4 286e7%q8_—. .,, 
Vem et t+e*a—e7a? + ca? — %e1a5 4 78 68g? —18 762g? + 286eq% —,,,. 
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For example, let a=o.1, or y>—4y—1=0; then the value of 4, 
is found to be +1.09097, while the other roots are 


VY_= +0.23649+1.014701, Y,= —0.781975 +0.483721, 
V4= +0.23049—1.014702, y,= —0.781975 —0.483721, 
which are correct in the fifth decimal place. 


For the case where a” is greater than k-*(n—k)*-"b" in the 
trinomial equation y"—nay"—*—b=o, the roots may be obtained 
by inserting x in other terms than the second. To illustrate the 
method by the quintic y°—say—1=o, let x be placed in the 
last term, giving y°—say—x=o; obtaining the derivatives and 
making =o, there is found a series giving four of the roots, 
since (5a)? in this series has four values. Again, placing x in 
the first term the equation is «y°—5ay—1=o; and applying the 
method, there is found a series which gives the other root. It 
may also be shown that these series are convergent when @° is 
numerically greater than 4~*. When a°=4~‘ the quintic has two 
equal roots and the series do not apply, but in this case the equal 
roots are readily found (Art. 5) and after their removal the other 
three roots are found by the solution of a cubic equation, | 


When this method is applied to an algebraic equation of the 
n degree which contains more terms than three, there may be 
obtained several series by inserting x in different terms, and the 
series desired are those which are convergent. A general rule 
for selecting the terms which are to contain x is given by Lam- 
bert, and he applies the method to the solution of the quintic 
equation y°—10y?+6y+1=o. First, writing y°—1oy*+6xy+x=0, 
the values of y, are +3.167 and —3.167, those of (dy/dx), are 
—1.00 and +0.090, and those of (d?y/dx?) are —o.016 and 
+o.016; inserting these in Maclaurin’s formula there are found 
y,=+3.05 and y,=—3.06. Secondly, writing «y®>—10y*?+6y+ 
x=o, a series results which gives y;=+0.87 and y,=—o0.69. 
Lastly, writing «y°—10xy?+6y-+1, there is found y;=—0.17. 


This method may likewise be used for computing one of 
the roots of a transcendental equation, provided the resulting 
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series is convergent. For example, take 2y+log y—10 000 =o. 
Writing 2y+x log y—10000=o, there are found the values 
y= +5 000, (dy/dx),= —4 log y, and (d?y/dx?), = +0.0001 log 4. 
When the logarithm is in the common system the root is y=4998.15; 
when it is in the Naperian system the root is y=4995.74. 


Prob. 24. Compute the roots of «*— 2x— 2=o by the above method 
and also by that of Art. 9. 

Prob. 25. The equation y*—11 727y+ 40 385=o occurs in a paper 
on the precession of a viscous spheroid by G. H. Darwin in Philosoph- 
ical Transactions of the Royal Society, 1879, Part ii, p. 508. Com- 
pute the four roots to five significant figures. 


ArT. 17. SYMMETRIC FUNCTIONS OF ROOTS. 


The coefficients of. an algebraic equation are the simplest 
symmetric functions of its roots. Let the equation be 


a ax * ba = cxe Fs dx f§—...=0, « .. (1) 
pn ten, Xo, 1X... . be, 1ts m roots. “Then 
A=X,+X%,+X%3+...; b= HN +H yX%g + Nght. wey 
CSN KXag tN yXeXy te oy CHK HaXgX yt HN X% +. 0; 


and the last term is +%,%,%,...X,. All symmmetric functions of 
the roots may be expressed in terms of the coefficients. 


The sums of the powers of the roots are important symmetric 
functions. Let S,, represent +,"+4%,"+%,"-+...; then when 
m is equal to or less than n, the following are the Newtonian 
expressions for the sums of the powers of the roots: 

So. d, S,=a?— 2b, S,=a*>— 3ab +-3¢, 
S,=at—4a7b + 4ac + 2b? —4d, 
Let +/ represent the coefficient of the (m+1)™ term in the 
general equation (1), this being + when m is even and — when 
m is odd. Then the following general formulas furnish values 
of Sn for all cases: 
Sm — AS m— +0Sm—2—CSm—3 +... ml =o, mS n, 
Sn4m—OS nem t+ 0Snam—2—+ + - £1Sm=0, m>n. 
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For example, take x*?—2x—2=o0, for which a=o,. b=—2, 
c¢=-+2; then from the first formula S;=0,; S,;=”)soe-Osee 
from the second formula S,=8, S;=20, S,=28, etc. 

Other important symmetric functions of the roots are the 
sums of the squares of the terms in the above expressions for 
the coefficients 6, c, d, etc.. Let these be called B, Cy Diretemean 


Bx ,7X 2? +023X_? +. C707 He? EX a 


and let it be required to find the values of B, C, D, etc., in terms 
of a, 6, c, etc. For this purpose let (1) be written 


xn + bxn—274 dxr—4+,..=ax"*+cexr FA +exn 4, ., 


and let both members be squared and the resulting equation be 
reduced to the form 


yt — Ayn—*. Byn—? —_ Cyn" + Dyn 6 =O, 


in which y represents x”. This equation has n roots x,7, x,?, 
%,",..- 3 hence the value of A is x,?4-%,7-+-x.7-1.. . Gite 
values of B and C are the symmetric functions above written. 
The algebraic work shows that 


A=a?—2b, B=b?—2ac+ad, C=c?—2bd+2ae—2f, ... 5 


and thus in general any coefficient in (2) is obtained from those 
in (1) by the following rule: the coefficient of y™ in (2) is found ~ 
by taking the square of the coefficient of «” in (1) together with 
twice the products of the coefficients of the terms equally re- 
moved from it to right and left, these products being alternately 
negative and positive. 


An equation whose roots are the squares of those of (2) may 
be obtained by a similar process, the equation being 


gn — Agni + Bign-2_Cign-8 + Dgn-4_, , .=0, . . (3) 


in which A, B,; C,,;.. are computed from A, B, C, in the same 
manner that A, B,C, ... were computed from (1). For example, 
take the equation x7+3x4+6=0; the equation whose roots are 
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squares of those of the given equation is y’7+9y*+36y?+36=0, 
and that whosesroots are the fourth powers of those of the given 
equation is 2’ +8124—6482° +-19442”—25922+1290 =o. 


Prob. 26. Find an equation the roots of which are the fourth powers 
of the roots of x*+x«+10=0. 

Prob. 27. For the cubic equation x*—ax?+ bx—c=o show that the 
value of x,°x,°+ x,°x,°+ x,°x,° is b°— 3abc+ 307. 

Prob. 28. For the quartic equation «*—ax*+bx’—ca+d=o show 
that the value of S; is a°— 5a*b—5ab’+ s5a°c— 5ad— bc. 


ART. 18. LOGARITHMIC SOLUTIONS. 


A logarithmic method for the solution of algebraic equations 
with numerical coefficients was published by Graffe in 1837 and 
exemplified by Encke in 1841.* The method involves the forma- 
tion of an equation whose roots are high powers of the roots 
of the given equation; to do this an equation is first derived, 
by help of the principles in Art. 17, whose roots are the squares 
of those of the given equation, then one whose roots are the squares 
of those of the second equations or the fourth powers of those 
of the given equation, and so on. With the use of addition and 
subtraction logarithms, the greater part of the numerical work 
may be made logarithmic. The method is of especial value 
when all the roots of the given equation are real and unequal. 


To illustrate the theory of the method, let p, g, 7, s, etc., denote 
the roots, each of which is supposed to be a real negative number; 
let [p] denote p+qt+r+..., [pq] denote pa+gr+rst+..., and 
soon. Then the general algebraic equation may be written 


xn —[pler—* +[ paler? —[par]xn-* +[pars|an-*—... , (1) 
and the equation whose roots are p”, q’, 7?,...is, by Art. 17, 
pele” + pat — [Par lyn! + egrs ys... 


in which [p?] denotes p?+q?+7?+...,[p’g?] denotes p?@?+q’r?+...5 
* Crelle’s Journal fir Mathematik, 1841, Vol. XXII, pp. 193-248. 
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and so on. From this equation another may be derived having 
the roots p*, g*, r*,..., and then another may be found having 
the roots #*, g§, 7’,.... This process can be continued until 
an equation is derived whose roots are p™, g™, r™, ..., where m 
is a power of 2 sufficiently high for the subsequent operations. 
This equation is 


sn —[prlen* 4 [pmgmlen* —[pmgmrment 


Now let ~ be the root of (1) which is largest in numerical 
value, gq the next, 7 the next, and so on. Then, as m increases 
the value of [p”] approaches p”, that of [pq™] approaches p™q™, 
that of [p™g"r™] approaches p”qg™r™, and so on. Hence when 
m is large [p™] is an approximation to the value of p™, and 
[p™q™]/[p™] is an approximation to the value of g. Accordingly 
by making m sufficiently large, the values of p™, g™, r™,..., 
and hence those of /, q, 7,..., may be obtained to any required 
degree of numerical precision. When two roots are nearly equal 
numerically, it will be necessary to make m very large; when 
equal roots exist they should be removed by the usual method. 


To illustrate the application of the method, let it be required 
to find the roots of the quintic equation 


x§+13x4—81x%— 34x? + 464% —181 =o. 


By comparison with (1) of Art. 17 it isseen that a= —13, b= —81, 
c=+34, d=+464, e=+181. The equation whose roots are 
the squares of those of the given quintic is now found from (2) 
of Art. 17, by computing A =a? —2b=331, B=b?—2ac +2d =8373, 
C=c?—2bd+2ae=71618, D=d?—2ce=202988, H=e?=32761, 
and then | | 


y= 3319" +83739° — 71618y? + 202988y — 32761 =o. 
Taking the logarithms of the coefficients, this equation may be 


written 


y° — (2.51983) 4* + (3.92288) ¥° — (4.85502) y? + (5.30747) 9 
— (4.51536) =o, 


LOGARITHMIC SOLUTIONS. 41 


in which the coefficients are expressed by their logarithms in- 
closed in parentheses. The logarithms of the coefficients for the 
equation whose roots are the fourth powers of the given quintic 
are now found by the use of addition and subtraction logarithmic 
tables, and this equation is 


2 — (4.96762)3*-+ (7.36364)2"— (9.24342)3? + (10.56243)2 
— (9.03072) =o. 


Next the equation whose roots are the eighth powers of the 
roots of the given quintic is derived from the preceding one in a 
similar manner and is found to be 


w*® — (9.93290) Ww! + (14.31934)w* — (18.14025)w? + (21.12363)w 
| — (18.06144) =o, 


and then the equation whose roots are the sixteenth powers of the 
roots of the given quintic is 


v® — (19.86580)v* + (28.29778) uv? — (36.13131)v? + (42.24726)v 
— (36.12288) =o. 


It is now observed that the coefficients of the second, fourth, 
and fifth terms in the equation for v are the squares of those 
of the similar terms in the equation for w. Hence two of the 
roots are now determined as follows: 


log p®= 9.93290, log p=1.24161, p=17.4433 
log #=18.06144 —21.12363, log t=1.61723, t=0.4142. 


These are the numerical values of the largest and smallest roots 
of the given quintic, but the method does not determine whether 
they are positive or negative; by trial in the given quintic it will 
be found that —17.443 and +0.4142 are roots. To obtain the 
others, the process must be continued until two successive equa- 
tions are found for which all the coefficients in the second are 
the squares of those in the first. Since in this case two roots lie 
near together, the process does not terminate, with five-place 
logarithms, until the 512" powers are reached. The three 
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remaining roots are thus found to be ¢=+3.230, 7= +3.213; 
and s=—I.4142. 


When this method is applied to an algebraic equation which 
has imaginary roots, this fact is indicated by the deviation of 
signs of the terms in the power equations from the form as given 
in (2) of Art.17; that is, these signs are not alternately positive 
and negative. As an example of such a case Encke applies the 
process to the equation 


x? — 2x° — 3x° +. 4x*—5x%+6=0, 
and deduces for the equation of the 256'" powers of the roots 


v’ — (74.95884)v* + (122.81202)v* + (151.32153)04( +179.58882)v* * 
— (190.991 29)v? — (195.21132)U — (199.20704) =o. 


Here it is seen that the coefficients of v* and v have signs 
opposite to those of the normal form, and hence two pairs of 
imaginary roots are indicated. The real roots of the given equa- 
tion are then determined as follows: 


log x,7°* = 74.95884, log x,=0.29281, %,=—1.9625, 
log x,?°°=122.81202— 74.95886, log x,=0.18693, x,= +1.5379; 
log %,7°*=190.99129 —179.58882, log x,=0.04454, Xg= +1.1080, 


while the logarithms of the moduli of the imaginary pairs may 
be obtained by taking the difference of the logarithms of v® and 
v® and that of v? and v°, and dividing each by 512. It is then 
not difficult to show that the two quadratic equations 


x? —0.60921% + 1.07668 =o, x? +1.29263 +1.66642 =o, 


furnish the imaginary roots of the given equation of the seventh 
degree. | 


Prob. 29. Compute the roots of x5— 10x°+ 6x-+1=0. 


Prob. 30. How many real roots has the equation x7+3x‘+6=o0? 
Can they be advantageously computed by the above method? What 
is the best method for finding the roots to four decimal places ? 
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Art. 19. INFINITE EQUATIONS. 


An infinite series containing ascending powers of x may 
be equated to zero and be called an infinite equation. For 
example, consider the equation 

oP ahd) TES le, 
Seaeeat ice [hie Wait |e): ..-=0, 
in which the first member is the expansion of sin x; this equa- 
tion has the roots 0, z, 272, 37, etc., since these are the values 
which satisfy the equation sinx=o. Again, 
x? x4 x6 x8 


Dieu TR OlaeSt* ,.=0 


is the same as cosh x=o, and hence its roots are 477, $72, etc. 


The series known as Bessel’s first function when equated to 
zero furnishes an infinite equation whose roots are of interest 
in the theory of heat *; this equation is 

Smee, x8 x 
TT 32o8 4? 22-426? | 22-4268? 77 
and it has an infinite number of real positive roots, the smallest — 
of which is 2.4048. The roots of equations of this kind may 
be computed by tentative methods, and when they are approxi- 
mately known Newton’s rule (Art. 4) may be used to obtain 
more precise values. 


As an example take another equation which also occurs in 
the theory of heat, namely, 


x? x3 x4 x 


te Toit itn (ahen (sb? 0 sie On 


It is plain that this equation can have no negative roots, for a 
negative value of x renders all the terms of the first member 


* Mathematical Monograph, No. 5, pp. 23, 63. 
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positive. Calling the first member /(x), the first derivative is 

py a 

2) ae: 2°31 2-374 2" 3° 4a 

By trial it may be found that one root of /(x)=o lies between 
1.44 and 1.45. For x=1.44, f(x) becomes +0.002508 and /’ (x) 
becomes +0.4334. Then /(x)//’(x)=0.0058, and accordingly 
x, =1.44 +0.0058=1.4458 is one of the roots. Another root of 
this equation is x,=7.6178. In general equations of this kind 


have an infinite number of roots. 


The term infinite is sometimes applied to an algebraic equa- 
tion having an infinite root, and cases of this kind are often 
stated as curious mathematical problems. For instance, the 
solution of the equation 


x—-a= (x? av x? +a?)}, 


when made by squaring each member twice, gives the roots x =$¢ 
and «=o. But x=o does not satisfy the equation as written, 
although it applies if the sign of the second radical be changed. 
The equation, however, may be put in the form 


a rey aa Ne 

ae ani awe 
and it is now seen that x= is one of its roots. The false value 
x=o arises from the circumstance that the squaring operations. 
give results which may be also derived from equations having 


signs before the radicals different from those written in the given 
equation. 


Prob. 31. Differentiate the above function of Bessel and equate 
the derivative to zero. Compute two of the roots of this infinite 
equation. 

Prob. 32. Find the roots of 2\/x—2=\/x—3+*/x—1. 

Prob. 33. Consult a paper by Stern in Crelle’s Journal fiir Mathe- 
matik, 1841, pp. 1-62, and explain his methods of solving the equations. 
cos x cosh x+1=0 and (4~ 3x”) sin x— 4x cos x=o. 
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ART. 20. NOTES AND PROBLEMS. 


The algebraic solutions of the quadratic, cubic, and quartic: 
equations are valid for imaginary coefficients also. In general 
the roots of such equations are all imaginary. The method of 
McClintock (Art. 14) and that of Lambert (Art. 16) may also. 
be applied to the expression of the roots of these equations in: 
infinite series. 


As an illustration take the equation x*—3x+4i=0. By any 
method may be found the roots x,= —7, x,=—o0.5i+1.936 and 
%3= —0.51—1.936; two of the roots here form a pair in which the 
imaginary part is the same for both, the real and imaginary parts 
of the complex quantities having changed places. There are, 
however, many equations with imaginary and complex coefficients 
in which pairs of roots do not occur. 


The most general case of an algebraic equation is when the 
coefficients a, b, c,... in (1) of Art. 17 are complex quantities 
of the form m+m, p+qi,.... Such equations rarely, if ever, 
occur in physical investigations, but the general methods ex- 
plained in the preceding pages will usually suffice for their solution, 
approximate values of the roots being first obtained by trial if 
necessary. In general the roots of such equations are all com- . 
plex, although conditions between m and n, p and q, etc., may 
be introduced which will render real one or more of the roots. 


Prob. 34. Show that the equation x—e*=o has many pairs of 
imaginary roots and that the smallest roots are 0.3181 1.33721. 


x? x3 5 
ETOD. 35- Solve — Seg 4 erin gerta cts rhea? ome 


Prob. 36. Discuss the equation x—tan «=o and show that its 
smallest root is 4.49341. 

Prob. 37. Find the value of x in the equation e**+1=0, and also 
that in the equation e#**—1=0. 

Prob. 38. Show that «?+ (a+ 6i)x+c+di=o has one real and one 
complex root when the coefficients are so related that 6*c+ d?—abd=o. 
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Prob. 39. When and by whom was the sign of equality first used ? 
What reason was given as to the propriety of its use for this purpose ? 


Prob. 40. There is a conical glass, 6 inches deep, and the diameter 
at the top is 5 inches. When it is one-fifth full of water, a sphere 
4 inches in diameter is put into the glass. What part of the vertical 
diameter of the sphere is immersed in the water? 

Prob. 41. When seven ordinates are to be erected upon an abscissa 
line of unit length in order to determine the area between that line 
and.a curve, their distances apart in order to give the most advan- 
tageous result are, according to Gauss, determined by the equation 

x1 — fat $3? — AEB att ha — Sgn + ade say9 =O. 
Compute the roots to five decimal places and compare them with 
those given by Gauss. 
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Selkirk’s Catechism of Manual of Guard Duty. (In Press.) 
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Taylor’s Speed and Power of Ships. (In Press.) 
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24mo, leather, 
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ASSAYING. 
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Fletcher’s Practical Instructions in Quantitative Assaying with the Blowpipe. 
16mo, mor. 1 
Furman and Pardoe’s Manual of Practical Assaying. (Sixth Edition, Re- 
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Minet’s Production of Aluminum and its Industrial Use. secs: Ja I 2mo en 2 
Ricketts and Miller’s Notes on Assaying.. pee ae .8vo, 3 
Robine and Lenglen’s Cyanide Industry. isis Clerc, ue eet ke 5 State: F181,8 BVO, 4 
Seamon’s Manual for Assayers and Chemists. (In Press.) 
Ulke’s Modern Electrolytic cathe sa SRSA arate atiat sce! Diep. o. oe 6 8vo, 3 
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Crandall’s Text-book on Geodesy and Least Squares...........2202055 8vo, 3 
Wooltttte Ss Treatise on Practical Astronomy... 02 y 0 PO. i ee 8VOL” 4 
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Merriman’s Elements rae Precise iStrveying eer eit oe Se. Fe Se OVOu ee 
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CHEMISTRY. 
* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 
Ren Ten) coe ee ee ae, ek 3 Fen PRE ORO IR Su css aD Slee! o Bis, Byetiee 8vo, 5 
* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)...... ER gOrnotey, Ml 
‘Alexeyefft’s General Principles of Organic Syntheses. (Matthews.).......8vo, 3 
Em eteS TOTe TOs ATAlVSIS.e; Actes sia Sid eerste bial wreete bis dxfaslee.e ees 8vo, 3 
Armsby’s Principles of Animal Nutrition. . oh e erlere : ‘8vo, 4 
Arnold’s Compendium of Chemistry. (Mandel. oe Eaeiehisoutns . Large 12mo, 3 
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Austen’s Notes for Chemical Students. ws seticcrent Beet J2m0; oak 
Baskerville’s Chemical Elements. (In Brebara ios: ) 
Bernadou’s Smokeless Powder.—Nitro-cellulose, and Theory of the Cellulose 
Molecules zac pscs oie coe ole & cereere | a cee Sissi ee een Amos 2 
* Biltz’s Introduction to Inorganic Chemistry. (Hall and Phelan.)...12mo0, 1 
Laboratory Methods of Inorganic Chemistry. (Hall and Blanchard.) 
8vo, 3 
* Blanchard’s Synthetic Inorganic Chemistry. . ‘sieht Ane sae bars 1 
* Browning’s Introduction to the Rarer Elements), .evores .8vo, 1 
* Claassen’s Beet-sugar Manufacture. (Hall and Rolfe. i .8vo, 3 
Classen’s Quantitative Chemical Analysis by Electrolysis. Boltwood. ).8vo, 3 
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Duhem’s Thermodynamics and Chemistry. (Burgess.)................8vo, 4 
Effront’s Enzymes and their Applications. (Prescott.)............... 8vo, 3 
Bissler’s Modern. High Explosives.>. o--.. s+. sme. sate aie wien 8vo, 4 
Erdmann’s Introduction to Chemical Preparations. (Dunlap.).. -12mos et 
* Fischer’s Physiology of Alimentation....... Varese L2mo;e=2 
Fletcher’s Practical Instructions in Oudntitative Aseaving’ with the Blowpipe. 
16mo, mor. 1 
Fowler’s Sewage Works Analyses.. 3 : ol2niom 2 
Fresenius’s Manual of Qualitative Chemical Naetyeia " (Wells. ). Pe pital 3 Svo," '5 
Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells.)8vo, 3 
Quantitative Chemical Analysis. (Cohn. 2 -volses os. ace een 8ve, 12 
When Sold Separately, Vol. I, $6. Vol. II, $8: 
Fuertes’s Water and Public: Healtim 2... se ccs tee te eee 12m, we 
Furman and Pardoe’s Manual of Practical Assaying. (Sixth Edition, 
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Gill’s Gas and Fuel Analysis for Engineers. . a ii2imno, sol 
* Gooch and Browning’s Outlines of Qualitative’ Clerical ‘Analysis. 
Large 12mo, 1 
Grotenfelt’s Principles of Modern Dairy Practice. (Woll.)...........12mo0, 2 
Groth’s Introduction to Chemical Crystallography (Marshall). ........12mo0, 1 
Hammarsten’s Text-book of Physiological Chemistry. (Mandel.)...... 8vo, 4 
Hanausek’s Microscopy of Technical Products. a x > ee ae ee 8vo, 5 
* Haskins and Macleod’s Organic Chemistry. . ‘ oes eee - L2IMO wee 
Hering’s Ready Reference Tables (Conversion Factors). wr eee 1Gmmal MOGs 2 
* Herrick’s Denatured or Industrial Alcohol. . disices costae. alee Be Oe 
Hinds’s Inorganic Chemistry. . Cig ae See ee -8VO, 3 
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Large 12mo, 2 
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Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, Steel- 
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Lassar-Cohn’s Application of Some General Reactions to Investigations in 
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* McKay and Larsen’s Principles and Practice of Butter-making........ 8vo, 
Maire’s Modern Pigments and their Vehicles....................... 12mo, 
Mandel’s Handbook for Bio-chemical Laboratory. . .12mo, 
* Martin’s Laboratory Guide to Qualitative Analysis ‘with ‘thie iBlowpine 
12mo, 
Mason’s Examination of Water. AChemieal and Bacteriological.)......12mo, 
Water-supply. (Considered Principally from a Sanitary Standpoint.) 
8vo, 
* Mathewson’s First Principles of Chemical Theory............. A See: oe 
Matthews’s Laboratory Manual of Dyeing and Textile Chemistry......8vo, 
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= Muir's History of Chemical Theories and Laws.................000- 8vo, 


Mulliken’s General Method for the Identification of Pure Organic Compounds. 
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Vol. II. Nitrogenous Compounds. (In Preparation.) 


Volcom tne Commercial Dyestufisiac) 02s ce eee ce sc als Large 8vo, 
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O’Driscoll’s Notes on the Treatment of Gold Ores. . nti, 8vo, 
Ostwald’s Conversations on Chemistry. Part Ones beRadisey. 3 .12mo, 
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Seamon’s Manual for Assayers and Chemists. (In Press.) 
Smith’s Lecture Notes on Chemistry for Dental Students............. 8vo, 
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Venable’s Methods and Devices for Bacterial Treatment of Sewage...... 8vo, 
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s Vol. 112 + ae 
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Baker’s Engineers’ Surveying Instruments.. Bee ,l2m0,; 
‘Bixby’s Graphical Computing Table.. Sis - Paper, 19} x 244 inches. 
Breed and Hosmer’s Principles and Practice of Surveying. Vol. I. Elemen- 
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* Burr’s Ancient and Modern Engineering au the lethanian Canal ee? | 8vo, 
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* Ives’s Adjustments of the Engineer’s Transit and Level....... 16mo, bds. 
Johnson’s (J. B.) Theory and Practice of Surveying. ......... Large 12mo, 
Johnson’s (L. J.) Statics by Algebraic and Graphic Methods............ .8vo, 
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Patton sxlreatiseion Civil Engineering. . cian m selenite sere tists 8vo, half leather, 
Reéd’s Topographical Drawing and Sketching... . 3. «lwiels os sleneeuctorenee Ato, 
Rideal’s Sewage and the Bacterial Purification of Sewage. . ce 
Riemer’s Shaft-sinking under Difficult Conditions. (Coming aie Peele: ).8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry.............. 8vo, 
Smith’s Manual of Topographical Drawing. (McMillan.)............... .8vo, 
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Tracy’s Plane Surveying.. ‘ Fe dive Suche eee Gao OTOO SOL. 
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Venable’s Garbage Crematories in America.. Ses a STON 
Methods and Devices for Bacterial Tren tnent ot Sewage. Ore ree 8vo, 
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2% X 5% inches, mor. 
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Webb’s Problems in the Use and Adjustment of Engineering Instruments. 
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Boller’s Practical Treatise on the Construction of Iron Highway Bridges..8vo, 


melal aan EGU River ria Lid Se aed ees a eat a « Ualicuel'v? es ots. bl Cheha ele batine Oblong paper, 
Burr and Falk’s Design and Construction of Metallic Bridges.......... &vo, 
Influence Lines for Bridge and Roof Computations................. .8vo, 
DusBois:ssMechanics:of Engineering.. -VoloUlj..iie.. oc. Foss.) Small-4to, 
Foster’s Treatise on Wooden Trestle pe oe SOLES ot Re eS eri ee Ato, 
Fowler’s Ordinary Foundations.. an ee ee 
Greene’s Arches in Wood, Iron, and Stone. Sy Waal rdnteh £2 Dotan. FeSO; 
Ri eel 1SGE Sema ees ee Pe iocke tee cvatecai'c eet oi oia al ampere ale’ ameter 8vo, 
Roof Trusses. . = RAIS Pras tit VEEN oy Asst CLO AOR 
Grimm's. Secondary Sipessest in UBHides Trusses. ne . .8vo, 
Heller’s Stresses in Structures and the Accompanying Weformaticnse . .8vo, 
Howe’s Design of Simple Roof-trusses in Wood and Steel.. Bengt Cops "YG, 
PEER eTI Cals ViASOMEV MATCHES. octane hercccie 6c cele Peds ay eo ve a's ole 005 8vo, 
MEELIS EL OTM AL CH CS Seger seial cate shse Vol ahe kolge te fete Jo ah oe POON che 8vo, 


* Jacoby’s Structural Details, or Elements of Design in Heavy Framing, 8vo, 
Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 


Moavlernylfamed: structures. «citi. ated » a ite aleve oteteneaiens Small 4to, 
* Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 
Modern Framed Structures. New Edition. PartlI......... 8vo, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
Fainielee SALT ESSEST IN yOlIn DIG LTUSSESS. sccis c olele solehsieare sel ie one wlel eles s 8vo, 
Pee eA ATL IC OEALICS oer s cht ctete cis eet ho Pebele le olele che Sei cet aetils 8vo, 
PerjLintie | [ebavalegoo) BYoisheas ppt ever Oe nono aeee MERA c gee Cle ie Rea eee 8vo, 
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Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and 
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Waddell’s De Pontibus, Pocket-book for oa Engineers...... .16mo, mor. 
* Specifications for Steel Bridges... xe Ae 2 Pt. .12mo, 
Waddell and Harrington’s Bridge Rncinectiag: es Precavation! yx) i 
Wright’s Designing of Draw-spans. Two parts in one volume........... 8vo, 
HYDRAULICS. 
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Bazin’s Experiments upon the Contraction of the Liquid Vein Issuing from 
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Bovey’s Treatise on Hydraulics.. Ae won SV0; 
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Coffin’s Graphical Solution of Hydraulic Problems...........,. 16mo, mor. $2 


Flather’s Dynamometers, and the Measurement of Power............12mo, 
Folwell’s Water-supply. Engineering. 2. saci «ooo ae cee oe 8vo, 
Frizell’s’ Water-powetine . 84 ciaer. See ocasee Bieler ntaee aie ciao tes eee 8vo, 
Fuertes's Watér and. Pubhe:Health:3 oi... oc peace. coe eee 12mo, 
Water-filtration :WoOrkss. he saee oie aeons on oe ee 12mo, 
Ganguillet and Kutter’s General Formula for the Uniform Flow of Water in 
Rivers and Other Channels. (Hering and Trautwine.)....... 8vo, 
Hazen's Clean Water ands How, to, Get) lt. sin oie erceratene reteneeters ee 12mo, 
Filtration of Public Water-supplies.. Pa a Oe ee . .8vo, 
Hazelhurst’s Towers and Tanks for Water- ari .8vo, 
Herschel’s 115 Experiments on the Carrying Capacity se Large, "Rives Metal 
COrie wi tS; |. sabia hapal nae taliedanaPeotal one sol tues grey aadle a elias enstenge Reticle eee eee 8vo, 
Hovytiand Grover:s) River aischarge mm seicieieisks eicussicncosealeie a aie ee ee 8vo, 
‘Hubbard and Kiersted’s Water-works Management and Maintenance. 
8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. 
8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Stand- 
DOUNT.). foie aos wre eed cc elaete ep siete’ scaushe arelsve his} ice eee eta 8vo, 
Merriman’s Treatise on Hydraulics.. af Pc mak oc lo Oh 
* Molitor’s Hydraulics of Rivers, Weirs. eric: Bicisecs Hates oiigl eS ete ee 8vo, 
Morrison and Brodie’s High Masonry Dam Design. (In Press.) 
* Richards’s Laboratory Notes on Industrial Water Analysis.......... 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 
supply. Second Edition, Revised and Enlarged....... Large 8vo, 
*/Thomas‘and Watt's Improvement’ of Rivers... ee... see eee eee Ato, 
Turneaure and Russell’s Public Water-supplies.. oun eet Ae: 
Wegmann’s Design and Construction of Dams. 5th Ed., enlaroed® : 4to; 
Water-Supply of the City of New York from 1658 to 1895; Gaerne 4to, 
Whipple’s*Value of Pure Watet.iiv co stastetete a) start akan renee ets Large 12mo, 
Williams'and Hazen's Hydraulic Tables gcse sees cee ate aneaneeerene 8vo, 
Wilson's Irrigation Engineering). sc. <eoss 6.0 viele coos ci nit bs vc ereienee enn erences 
Wood’s Turbines....... SSR aes EER Se oe Peer ot pus 


MATERIALS OF ENGINEERING. 


Baker's Roads and *Pavemtents.). 2.) <i. alas + aisle ci oholareaiele ene ave ahaha ahedssacdlatsia 8vo, 
Treatise oniMasonry.Construction®.. rrr steletes ete einen ecient ete 8vo, 
Black’s United States Public Works.. woth Bente te OD lon gene 


Blanchard’s Bituminous Roads. (In Press. 4 
Bleininger’s Manufacture of Hydraulic Cement. (In Preparation.) 


* Bovey’s Strength of Materials and Theory of Structures................ 8vo, 
Burr’s Elasticity and Resistance of the Materials of manera . .8VvO, 
Byrne's Highway Construction... euioe. Far 
Inspection of the Materials antl Wotlmnanstin Heaplopads in iConstrusions 
16mo, 
Church’s Mechanics of Engineering... ..i1.-..-s.:cle seletele elslelereietale state Gl 
Du Bois’s Mechanics of Engineering. 
Volsal.,.Kinematices notatics eimineticstms sie certs tetaehese ateretae Small 4to, 
Vol. II. The Stresses in Framed Structures, Strength of Materials and 
Theoryiof: Flexuresagiin a ae See hee see eee Small 4to, 
*:Eckel’s, Cements, Limes, and: Plasters. .2.2:ccte velete iene ie tel eee 8vo, 
Stone and Clay Products used in Engineering. (In eeepc 
Powler’s:Ordinary. Roundationsy. Gi.2+ seve see iste ckemetsestodeteis ane tetas . .8vo, 
* Greene's Structuralaiechanicsieae snes neces eieleistrisiete ci tasers ater .8vo, 
*Holley’s\ Weadcand *ZinGyPisments)torcee ele rode ates a wrctetetersne alia ‘Large 12mo, 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments and Varnishes. 
Large 12mo, 
* Hubbard’s Dust Preventives and Road Binders.................. 8vo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special Steels, 
Steel-making Alloys and Graphite....................Large 12mo, 
Johnson's (J. B.) Materials of Construction... ©... Fo. ee ny iss © Large 8vo, 
Keep’al Cast: Tronin atc asia. vps. t-iwieue ix eho ies ew wow, denna Sie ope ions seed 8vo, 
Lanza’s Applied MECHANICS. om der carsteie «) eho ous arpenn ott retonaeye i. oueohate) stetetet tae 8vo, 
Lowe's Paints for Steel Structures.............. witcha. stereo tela wle.e cert aul ate 
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Maire’s Modern Pigments and their Vehicles.................cceeees 12mo, $2 00 


emrereire) Omitiaeel: MOECDATICS. 625.565 4d toed a's > 0a’) dee + ladle muiedhoutt oes 8vo, 
Merrill's Stones for Building and Decoration................ccccecess 8vo, 
Merrinsatns Mechanics Of Materials, jig tine % wele do greruei se wisioan « oroid 8vo, 

emote LA hy Ma Cerio l sie sedis sti Fe open sees ralrode alee te viola) bh fies Steines 12mo, 
Metcalf’s Steel. A Manual for Steel-users...............000c0eeees 12mo, 
MEISE Sy LL Sli Wa Vim CIN CSTING: egaiaeie rele StoewelobAs cnoiedebectychebalsiengps ols. 5 8vo, 
patton seeractical ;Lreatise on Fotindations....).. Scca0.0 08 © apcicioicice «ee 8vo, 
PIP oIGoncreter bs OCk> MaAnNULaCtUreii.<adoiacalotaaath Blake asia Bue sGelb 8vo, 
Richardson’s Modern Asphalt Pavement.. F250 ONO. 


Richey’s Building Foreman’s Pocket Book sad Rend Gaterenne ots mor. 
* Cement Workers’ and Plasterers’ Edition (Building Mechanics’ Ready 


Ee SNORE it carta! gfx wikia otal elie 6,5. UBM alig Pale sieonse 16mo, mor. 
Handbook for Superintendents of Construction.. ae .16mo, mor. 
* Stone and Brick Masons’ Edition (Building " Mechanics’ Ready 
FVGTSHEMICE TE LIOS Patiare cisiee) hehe tate Siecle wre) PR eid ayerebele eo ors 16mo, mor. 

* Ries’s Clays: Their Occurrence, Properties, and Uses.. Bs .8vo, 
* Ries and Leighton’s History of the Clay-working Inducer of the United 
SOC Ss eke te A AN taf one) seer ahem eke tik.) ka hay: oot daa eo ule olbheyeret oes 8vo 

Sabin’s Industrial and Artistic Technology of Paint and Varnish....... .8vo, 
eeeririsso treng til Of eMaterita lowe et dataiasic sives caslc Srerisllenn h Gdive wieeielcte 12mo 
See ee ser Del QDECTES OF WV GOEL: aps mike atSUe ae ayes S's. coe oo Fo 0.0 >» vied SVO, 
PPI CHINES Lan TALC) ONIN te cacius << asi slnieis sie caceipig es telat ede 2 deyetcipla ace 12mo, 
Text-book on Roads and Pavements.. Jul Passer 
Taylor and Thompson’s Treatise on Concrete, Plain are Reinforced Peat 8vo, 
Thurston’s Materials of Engineering. In Three Parts.. e Oe: lk 
Part I. Non-metallic Materials of Engineering and iMetallvepuie .8vo, 
Part II. Iron and Steel.. Sos .8vo, 
Part III. A Treatise on Brasses, ‘Bronze: “ands Other bAlious: and their 
ce Lo haete MoUs Oks) Anes St Sc eee Pe ee ee Cee Ta ateecttevsrd nt 8vo, 

Tillson’s' Street: Pavements and Paving Materials. ... 01.6.0. eee cee eee 8vo, 
lrautwine s Concrete, Plainiand Reinforced). ... 5.2.0.5. 00% 0.6 se ae 16mo, 
Turneaure and Maurer’s Principles of Reinforced Concrete Construction. 
Second Edition, Revised and Enlarged..................... 8vo, 
iWatenbury-s Cement: Laboratory Manttal, ...)6 ned wcidien-dd vee ale wks 12mo, 
Wood's (De V.) Treatise on the Resistance of Materials, and an Appendix on 
Hnesbereservation (el Cl abet. cet tae Gsisteiclete hs. oles Sorelel ats 8vo, 

Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
RO LEC eee re Marc etnies Ce Slits eats aksls wt Gord Unites aie orcs 8vo, 


RAILWAY ENGINEERING. 


Andrews’s Handbook for Street Railway Engineers....... 3X5 inches, mor. 

Berg’s Buildings and Structures of American Railroads............. Fey oy 

Byooks’s Handbook of Street Railroad Location................16mo, mor. 

Butts’s Civil Engineer’s Field-book.. Dh ne SROs ilaveetes senkonm 

Crandall’s Railway and Other Barthwork. Tables. . ye ER ET echo 

Transition Curve.. ~ BE dace hes LOMO INO: 

~* Crockett’s Methods for arthwork oom ep teraty “Taha Patt dolon he eats cits 8vo, 
Dredge’s History of the Pennsylvania Railroad. (1879)................ Paper, 

Fisher’s Table of Cubic Yards.. .Cardboard, 


Godwin’s Railroad Engineers’ Field- heck ad olor ens, Kegiery 16mo, mor. 
Hudson’s Tables for Calculating the Cubic Contents of Excavations and Em- 


ETAT IMT ESM eee Ae tee regent cS eo amc) aous: alate Geet. elevexd ces ens.ckade Sue oie 8vo, 

Ives and Hilts’s Problems in Surveying, Railroad Surveying ana Geodesy 
16mo, mor. 
Molitor and Beard’s Manual for Resident Engineers................. 16mo, 
Nagle’s Field Manual for Railroad Engineers.............- ciepese ONO IHOL. 
MOrrocks Rauroad otructures and MStimates: .s..-.0c.ccle +0 ss ss sic .8vo, 
Philbrick’s Field Manual for Engineers.. a= tah pa /16mo, mor. 


Raymond’s Railroad Engineering. 3 volumes, 
Vol. I. Railroad Field Geometry. (In Preparation.) 
Vole Il Elements of Railroad Engineering. 22... ae ste oe ccc 00 ee 8vo, 
Vol. III. Railroad Engineer’s Field Book. (In Breparation: ) 
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Roberts’ Track Formulz and Tables. (In Press.) 


Searles’s Kield:Eingineerings. Saab ste bvcletck ice Sones ieee ater 16mo, mor. 
Railroad Spiral. . Rte tye nd sais e whe else also OOmEtOts 
Taylor’s Prismoidal Formule and Barthwork:: ; eres .8vo, 


* Trautwine’s Field Practice of Laying Out Cimealae Cudes thx Reloads 


12mo, mor. 
* Method of Calculating the Cubic Contents of Excavations and Em- 
bankments by the Aid of Diagrams................. .8vo, 
Webb’s Economics of Railroad Construction.............. aoe 42itio, 
Railroad Construction. . oe : .16mo, mor. 
Wellington’s Economic Theory. ‘of ithe’ Lochtion of Railways. b Baie!  Uaatee 12mo, 
Wilson’s Elements of Railroad-Track and Construction...............12mo, 
DRAWING. 
Barr’s' Kinematics*of Machineryss+...:c. see ee een eee eee os cele eee VOs 
* Bartlett’s Mechanical Drawings .s.22.s.0-0 5.2% sisew » eleeeals aie oii eee 8vo, 
* * Abridged Edie ikk cts ae cece 
Coolidgé’s: Manual of: Drawings. s san aelsa te tatan ste eee 8vo, paper, 
Coolidge and Freeman’s Elements of General Drafting for Mechanical Engi- 
Neers eR Ee ee Oblong 4to, 
Durley’s Kinematics.of (Machines: fio... «2)as.. eieiei esis een Shee ee 8vo, 
Emch’s Introduction to Projective Geometry and its Application...... 8vo, 
French and Ives’ Stereotomy.. LUE Seite eee 
Hill’s Text-book on Shades and Shadows: aad Perapeetul (ieee othe .8vo, 
Jamison’s Advanced Mechanical Drawing sas sh wards’ wha Waste Daas leat eee ee 8vo, 
Elements of Menta Drawing sift. Beis eee eee 8vo, 
Jones’s Machine Design: 
Part I. Kinematics of Machinery... ; oS iilee pe ee ON 
Part II. Form, Strength, and Proportions ‘of Parts, ee LR SSO: 
* Kimballsand-Barr’s: Machine’ Design .cieamu ee dates entee ee eete nee 8vo, 
MacCord’s Elements of Descriptive Geometry...........2ccccceeeees 8vo, 
Kinematics: or; (Practical Mechanism ie. ent ee eee os 
Mechanical Drawingiieds st. oe Sa, eee ote Den oe eT 
Velocity Diagrams sss sess oc o sactouencuaiat aatne nonce totter eee eae 8vo, 
Mclzeod's: Descriptive: Geometry. son. else oe be ee i ee Large 12mo, 
*: Mahan’s Descriptive Geometry and Stone-cutting.............-..4-- 8vo, 
Industrial. Drawings (Thompsons) oimecssne nce cies crete eeclcre teeters = eee 
Moyer’s Descriptive Geometry.. 5, Sia ohei age aha ee Ie A eiete eee 
Reed’s Topographical Drawing aan Siettigne: DSN Bian le ee 4to, 
Reid’s Course in. Mechanical Drawing-tioaise see en niet eee 8vo, 
Text-book of Mechanical Drawing and eng ape Machine Design..8vo, 
Robinson’s Principles of Mechanism.. 3 Ls a Ree arash 
Schwamb and Merrill’s Elements of Mochianisnit: I een .8vo, 
Smith (A. W.) and Marx’s Machine Design.. ; .8vo, 
Smith’s (R. S.) Manual of Topographical Dratibet (McMillan. ye Ce) Ba. Boy 
* Titsworth’s Elements of Mechanical Drawing..............-. Oblong 8vo, 
Warren’s Drafting Instruments and Operations..............+--e0- 12mo, 
Elements of Descriptive Geometry, Shadows, and Perspective...... 8vo, 
Elements of Machine Construction and Drawing.. iad Oe RSs 
Elements of Plane and Solid Free-hand Gedtnctrical Dravings .12mo, 
General Problems of Shades’and Shadows!s.5 sieves aoe < eee 8vo, 
Manual of Elementary Problems in the Linear Perspective of Forms and 
Shadow A222. ee PS es Ce eee 12mo, 
Manual of Elementary Projection Drawing............5...000"8 12mo, 
Plane Problems in Elementary Geometry.. : As Sache .12mo, 
Weisbach’s Kinematics and Power of Transmission! (Herat and 
Klein.). Sisccd ited Ee ve ae Se ete ane 8vo, 
Wilson’s (H-°M:)* Topographic: Surveying. ce eee © ae ernaiane cee renee 8vo, 
* Wilson’s (V;> T.) Descriptive Geomietryss.. 2: oem ocee tee ss sce eee 
Free-hand: Lettering oe ese itso e cote ete anes cre ae ened 8vo, 
Free-hand ‘Perspective. sé.).08. 2 ere es = ear ete ole eho alate atesiete ome rane 8vo, 
Woolf’s Elementary Course in Descriptive Geometry........... Large 8vo, 
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ELECTRICITY AND PHYSICS. 


* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)......... 12mo, 
Andrews’s Hand-book for Street Railway Engineering... ..3 5 inches, mor. 
Anthony and Brackett’s Text-book of Physics. (Magie.)....Large 12mo, 
Anthony and Ball’s Lecture-notes on the Theory of Electrical Measure- 


ments. . : Mote teeta cele eee Leino: 
Benjamin’s History ‘of Electricity, TE Gace SELIG oe ie a eae ae ae cont Rena ater 8vo, 
Wiley ron fOM QrelD GS aot Sha ck Rica ceca, creaoas cycaSk log ICL OE ScISIC Donte iar ae 8vo, 
setts S Leadewenningand Mlectrolysis.cc..c.. sc 2 occ ve 'ete Slee atevee ele oes 8vo, 
Classen’s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 
* Collins’s Manual of Wireless Telegraphy and Telephony............ 12mo, 
Crehore and Squier’s Polarizing Photo-chronograph....................-8VO, 
* Danneel’s Electrochemistry. (Merriam.).. pen ESInOs 
Dawson's “ Engineering’’ and Electric Taction Pocket! Boek Sanat mor. 
Dolezalek’s Theory of the Lead Accumulator (Storage Battery). (von Ende.) 
12mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................8V0, 
Flather’s Dynamometers, and the Measurement of Power............12mo, 
* Getman’s Introduction to ahs ons DOLCLICE Te ees Sees Pare 12mo, 
Gilbert’s De Magnete. (Mottelay ).. See eee ee ath) Peon oe teicher VO 
* Hanchett’s Alternating Currents.. j es 2 SEL eInO, 
Hering’s Ready Reference Tables (Conversion Factors)... Se tae 16mo, mor. 
* Hobart and Ellis’s High-speed Dynamo Electric Machinery.......... 8vo, 
Guia eer reticion OL Measurements, of..5.056 6 coos cece ae cae cc cees 8vo, 
Telescopic Mirror-scale Method, Adjustments, and Tests... .Large 8vo, 
* Karapetoff’s Experimental Electrical Engineering...................+-8VO, 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 
Pancewers spectrum Analysis. (Tingle.). J. 02 A er ee 8vo, 


Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess. )12mo, 


Loéb’s Electrochemistry of Organic Compounds. (Lorenz.)............- .8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. .8vo, 
* Lyons’s Treatise on Electromagnetic Phenomena. Vols, I .and II. 8vo, each, 


* Michie’s Elements of Wave Motion Relating to Sound and Light..... 8vo, 
Morgan’s Outline of the Theory of Solution and its Results.......... 12mo, 

* Physical Chemistry for Electrical Engineers.:........5....0.... 12mo, 
* Norris’s Introduction to the Study of Electrical Engineering......... 8vo, 


Norris and Dennison’s Course of Problems on the Electrical Characteristics of 
Circuits and Machines. (In Press.) 


* Parshall and Hobart’s Electric Machine Design........... 4to, half mor, 
Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 
Large 12mo, 
* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner. He .8vo, 
Ryan, Norris, and Hoxie’s Electrical Machinery. Volts. aoe .8vo, 
Schapper’s Laboratory Guide for Students in Physical Chemistry. Spe Home 
Petimpms Mlementary Lessonsin Heat... 420 cess vec ccc ee ees os 8vo, 
Tory and Pitcher’s Manual of Laboratory Physics............ Large 12mo, 
Ulke’s Modern Electrolytic Copper Refining............... Date Pe ee 6 8vo, 
LAW. 


* Brennan’s Hand-book of Useful Legal Information for Business Men. 
16mo, mor. 


* Davis’s Elements of Law.. Misia etune saieuas sestetet ere ona Os 
* Treatise on the Military Caw ‘of ‘Waited ‘States Aa ag aoe tee 8vo, 

* Dudley’s Military Law and the Procedure of Courts-martial.. Large 12mo, 
WEAN TOTe COUTTS TAL Llalone. si. os ele Guin eo deiel oe cus) eidielete: &: siolps spacers 16mo, mor. 
Wait’s Engineering and Architectural Jurisprudence...................8V0, 
Sheep, 
Mew atl SOLLLACES emi, static oretstailola tera andl che cieksreiece/sic.eis so se ie e,0he 8vo, 
Law of Operations Preliminary to Construction in Engineering and 
ATORILOCELLeG se citrate tater e eiei ol cnarevecsate era cla fis ciel sate ois sre) ee ste es 8vo, 

Sheep, 
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MATHEMATICS. 


Baker’s Elliptic Functions.. : ia) ee SMe tehe eke oranegriaieeie Mee 
Briggs’s Elements of Plane Realetc Ceaaiee (Bécher.): ics eat 12mo, 
* Buchanan’s Plane and Spherical Trigonometry.....:...........-«-; 8vo, 
Byerley's, Harmonic ,Munctions sice5 oo: seo) eres cia cael ee ee 8vo, 
Chandler’s Elements of the Infinitesimal Calculus................... 12mo, 
at effinis Vector Analysis: no 2 ous ans ore a vc.ccs a » cht RRR Ae 12mo, 
‘Compton’s Manual of Logarithmic Computations................... 12mo, 
* Dickson's College Algebra .-..cw concise Large 12mo, 
* Introduction to the Theory of Algebraic Equations...... Large 12mo, 
Emch’s Introduction to Projective Geometry and its Application...... 8vo, 
Fiske’s Functions! of a Complex Variables, acy ittle ysce.oie een 8vo, 
Halsted’s, Elementary. Synthetic Geometryzeeite © =< wae orensneus ere 8vo, 
Elements..of Geometry acca crete oranda einrs © ores wee oe Dice cl case ee 8vo, 
+. Rational Geometry, .ccck gnsmeiion creations) oe Riehl ae ie eee 12mo, 
Synthetic: Projectivé.Geometeyou cc cade foie aee eo ce eee 8vo, 
Hancock’s Lectures on the Theory of Elliptic Functions. (In Press.) 
Hyde's; Grassniann’s Space:Analysisi. ij. .1s om kis ete eee 8vo, 


‘** Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 
* 100 copies, 

* Mounted on heavy cardboard, 8 X10 inches, 

* 10 copies, 

_Johnson’s (W. W.) Abridged Editions of Differential and Integral Calculus. 


Large 12mo, 1 vol. 


Curve Tracing.in Cartesian Co-ordinates. .ictee sis ceneienes ener 12mo, 
Differential Equations: .«.. «1 feo shel ene pentsdeponale texeue tes legiohe anette eect eae 8vo, 
Elementary Treatise on Differential Calculus..............Large 12mo, 
Elementary Treatise on the Integral Calculus............ Large 12mo, 
* Theoretical Mechanics. 5 arenas ah eae 12mo, 
Theory of Errors and the “Method oe eee Soaurd! site bie secbeaeeree 12mo, 
Treatise:on.Ditierential_Calculisane = tebaceeliee eee Large 12mo, 
‘Treatise:on: the Integral.Galeulus sac: een eee Large 12mo, 


Treatise on Ordinary and Partial Differential Equations. ..Large 12mo, 
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‘Karapetoff’s Engineering Applications of Higher Mathematics. (In Preparation.) 


Laplace’s Philosophical Essay on Probabilities. (Truscott and Emory.) .12mo, 
* Ludlow and Bass’s Elements of Trigonometry and Logarithmic and Other 


Lables: soils jc (aie sa Sosiesose De srlei Be Gesek eae ae cael tars ote pe eee Boe es 8vo, 

* Trigonometry and Tables published separately. .............. Each, 

* Ludlow’s Logarithmic and. Trigonometric, Tables. .0 4.0... ssuis en acd 8vo, 
Macfarlane's- Vector Analysis and Quaternions,. = . ssn. ee ene eee 8vo, 
MeMahonissHyperbolic Functions), <.iu:< 24 waite os Greil ner eee eee 8vo, 
Manning’s Irrational Numbers and their Representation by Sequences and 
SELIES hae» score bie Meine Booncar PRS GOERS dace inulig ates ee 12mo, 
Mathematical Monographs. Edited by Mansfield Merriman and Robert 
S. 6 Woodwards 36 cise ale 5 oot enn Gere ae Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann’s Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 


‘Maurer's TechnicalyMechaniesicg, ac © aeaceeraiaok Beat eee 8vo, 
Merriman:s Method’ of Least oquaressisserct-tere a eaea ts iy a ee eee 8vo, 
Solutionvol Hquationst..2 dersasyase: cular. ttre ceteea asta eee 8vo, 
Rice and Johnson’s Differential and Integral Calculus. 2 vols. in one. 
Large 12mo, 
Elementary Treatise on the Differential Calculus. ........ Large 12mo, 
Smiths, History.oL Modern Mathematics. «9 sc. se ebuae inne oe eee ee 8vo, 
* Veblen and Lennes’s Introduction to the Real Infinitesimal Analysis of One 
Vial leiin tetcuste Skevetarc tetera reuehotdan Gedle Fale cares te anekelta ear et aan Peete 0); 


2 00 


3 00 
2 00 
1 00 
1 00 
1 00 


1 25 


1 00 


4 00 
2 00 
1 00 


1 50 
3 00 
1 00 


* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
2% X52 inches, mor. $1 


* TP nlarcen.acartrensadncluding Tables... 2:0. .c.0j.0.0.0ee 6 eecg belees MOT) want. 
NVeldie IUeTeriiMAnts Sani twos vey ce 0.6.6. 0'6 ojesese muéal,d alcntetelede’ Sistene ss RFS 8vo, 1 
Wood’s Elements of Co-ordinate Geometry. ... wc. cece ccc ccccccwves 8vo, 2 
Woodward's Probability and. TheoryeOt. BtrOTs ice urs wm sone win lbie epee e fs OVO, 1 


MECHANICAL ENGINEERING. 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


PaO TORE OEO CIE CACTICC aie tel ae oi er ciccs p'e) ot cloves aiete lo 'ev'ele ecole iesagere \peevplecele, <2 12mo7) 1 
Baldwin’s Steam Heating for Buildings............ FENG EOP as eine 12mom 2 
Piece Rol eta tt HIOSLOL AMACIINELY,. cies & edna. ocauere.o ecelieys «0.9,000.0..ese, slieravend « « 8vo, 2 
* Bartlett’s Mechanical PDEA U3 rokever eran Oc reteeeeeiele, eka bota tal eiie| ale. ahanaia car atedosaot 8vo, 3 
* WM se SA DLIO PCC E Gaels Sieels a cindeuscete, Gobtisieve 8vo, 1 
* Burr’s Ancient and Modern Engineering and the Isthmian Canal.....8vo, 3 
NEGEDenLer SF x perimental PNPIneeriNgG. ... 6 ccc s.6 6 010.660 0 o's ele 0 bi clee.c,6/e7e 8vo, 6 
Meatincmands Ventilating sDbuildingsin. «i... st coarse vwicisieleis clelc's ve vo0'els 8vo, 4 
TaGericcwtneixas) Petroland: Oil Boeine: 1 <cic cle sie siete coccccescs coe .QVO;, & 
Comptonis eirst. Lessons in: Metal Working. ....cc.saccccccsecsscce 12mo, 1 
Mom ptonrand. De Groodt Ses N6ld Lathe. ngvc.c.cvs spcle weyers s"elp Bis © owe bie P2rmowe L 
NeomiceerssMantalol J9TAaWING. +... tc cc st ne.e ccs clee.s boas +.0s.0%s5 8vo, paper, 1 
Coolidge and Freeman’s Elements of General Drafting for Mechanical En- 
CADE GLeT ESE eR SP Clone p EEN Di A CASES Ry, ae a Sars Aa ae, 42) A Oblong 4to, 2 
Cromwellus: lreatise onsbelts and. Pulleys...) 06 Goo eeint te De oe ee 12mo, 1 
A tesSelOne LOO tIGGrCs CATIIN IZ. Vcy eis icysicssss vic otelldtotetelcle lare's'a 0 tehe bi. oL2moe el 
Dingey’s Machinery Pattern Making............. ahs et eater. whether ares 12mo,~ 2 
Durley’s Kinematics of Machines........ sabe evoretenewerehel Shas slices: st ahaha arceey 8vo, 4 
Manders suGear-cuttine: Machinery. 5 15 das cece o vive eo ccewees Large 12mo, 3 
Flather’s Dynamometers and the Measurement of Power............ 12mo, 3 
EROPIOMLD TLV ATI DW brring el. Biel avetspelcishaielate «fale och aleteiclle cele oteeBlele oe aes 12mo0; 22 
MrubsGastnndshael Analysis for Lneineers.. (sels stile stele w elses eee 12mo, 1 
Se EMGECINOLIY GrODAT KSA ice c1elccth in ction el cite los Date ehere ote ele See eke 8vo, 2 
Greene’s Pumping Machinery. (In Preparation.) 
Hering’s Ready Reference Tables (Conversion Factors)........ 16mo, mor. 2 
* Hobart and Ellis’s High Speed Dynamo Electric Machinery. ........ 8vo, 6 
Te Pere geyerS) Gene Meee ena, SS Ray yee etes Sie Ae PII A Aa aed 8vo, 5 
Jamison’s Advanced Mechanical Dtawing. .......cccceccecececcccees Svone 2 
Plememrs Ore VeChaniCal I rayyi1ig siete wa seis ote wiélore oo fatchs alle a cle othe eeints 8vo, 2 
TN ol ones 0 che <o tansifene SSRIs Sle so Sie» eles a Sr en 8vo, 4 
Machine Design: 
Parte i inematics Of Machinery: ...teclel ole c's 0 Wl y cle wletelerere 6 « o's ose 8vo, 1 
Part II. Form, Strength, and Proportions of Parts............. 8vo, 3 
Kent’s Mechanical Engineer’s Pocket-Book. ........0..c0eeces 16mo, mor. 5 
ere Cuter AtiOs POWEDSLTATISHAUSSIONS wa. 1s). ei diele Bite Gwels Mitolabereteierere 0 6 8vo, 2 
Se lonripaliearvaisarr7S I ACHING HESIP Ms arse iels te «1.0: succes Ree erelbla wleelel oo ote 8vo, 3 
SH UE Spa Si GEES Wynter (ohare a5 a Sy Gee Mine cer Ree rat oe i a 8vo, 4 
Beonard:s) Machine Shep: Tools-and Methods..... 0.0.0... eae tedeeecees 8vo, 4 
* Lorenz's Modern Refrigerating Machinery. (Pope, Piven and Dean)..8vo, 4 
MacCord’s Kinematics; or, Practical Mechanism...........20ccece0e. 8vo, 5 
Mechanical Drawing Re cna ke sas saiie a einige EE hes, Heh nem at ar oho e ee Ato, 4 
Detail ao rears ees Aue iat eaten stetals le altel oSuklwiel etecedeus Malaewele ote wla.cte% 8vo, 1 
MacFarland’s Standard Reduction Factors for Gases. ......eeeccceees Svo. 
MAMAd SMiaCuUstial Orawing. oC DNOMPSOM:) a trpis os 0.0% wa eteie'a 6 0 sllels «Jes 8vo, 3 
Mehrtens’s Gas Engine Theory and Design..............-000% Large 12mo, 2 
MeL ercatt anc DOO lewd lsomalle LOOlSc, acc )s «sisi: enseus + 0 65's Susi or ellslia eo! ene Large 12mo, 3 
* Parshall and Hobart’s Electric Machine Design. Small 4to, half leather, 12 
Peeles: Compressed Ain Plant tor: Mines. .ferd oc ie ote a eleva ele one d elelellelsvele s 8vo, 3 
eGOle SICAOTINCIEOWEE OLA EP MEIS.< sols asic = oo ¥ vithe eee cusvole sisielole sp Bet ceehere 8vo, 3 
* Porter’s Engineering Reminiscences, 1855 to 1882........... oPeasieyovsne 8vo, 3 
cies Courseliny Mechanical Drawing... coe. eles « suenahd snele fo eyenein cose ofene she Svowees 
Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 3 
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Richards’s Compressed) Air: iy secre oe eines ere ele olace eiuerr eiehe «eis nee 12mo, $1 
Robinson's) Principles pf" Mechanism. .).cu-te orsteels lees. inte) ie a 8vo, 3 
Schwamb and Merrill’s Elements of Mechanism...................-- 8vo, 3 
Smith* (CA: “Wi.)-and-Marx's* Machine: Deston cane a ociceeiee none 8vo, 3 
Sorith’s (O) “Press-working of Metals. 0.) ier iene ie olin ee ae SV0;4 
Sorel’s Carbureting and Combustion in Alcohol Engines. (Woodward an 
Preston: oc. cc sicceis ote eieie slemcltie eis ose tele uekets Neen Large 12mo, 3 
Stone’s Practical Testing of Gas and Gas Meters. ....:........ 8 seine 8vo, 3 
Thurston’s Animal as a Machine and Prime Motor, and the Laws of Energetics. 
P20, e010 
Treatise on Friction and Lost Work in Machinery and Mill Work...8vo, 3 
* Tillson’s Complete Automobile Instructors, a. <0. steitereineneneaee 16mo;t 
* Titswortvh’s Elements of Mechanical Drawing............... Oblong 8vo, 1 
Warren’s Elements of Machine Construction and Drawing...,........ 8vo, 7 
* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
27X52 inches, mor. 1 
© Mnlarged Edition, Ineiding sl aDiese ce > en ese einer eee MOLeeeL 
Weisbach’s Kinematics and the Power of Transmission. (Herrmann— 
Kileizt red py nas cae ov yt nyse Siete oie: Oe eee en ao hire ae as 
Machinery of Transmission and Governors. (Hermann—Klein.)..8vo, 5 
Wood's Turbines. y ovis vc.cn de cis eee + ee riee's. 6 5 icc inte taal tate +. <n aee 8vo, 2 


MATERIALS OF ENGINEERING. 


* Bovey’s Strength of Materials and Theory of Structures............ 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering. ...... 8vo, 
Church's Mechanics of Engineering. .. 22,00 wis = cites ole e eisteheienet alate ene 8vo, 
* Greene’s Structural Mechamnicsi. < ccic.s are ie « chelerle us siclerescte ¢ ee enemeene 8vo, 


* Holley’s Lead and. Zinc Pigments..25 5 << ace 5 stents enero Large 12mo 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments, and Varnishes. 

Large 12mo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special 


Steels, Steel-Making Alloys and Graphite........... Large 12mo, 
Johnson's:(J.:B.) Materials of -Construction7.5..5.-<0m sateen eee 8vo, 
Keep’s Cast( Tron. ..sc.. ¢ scis o's o.oo tele bttede ev opeka ee kore an ROR Renee ee ean 8vo, 
Lanza’s, Applied Mechanicsisv.sa heise ee clea tel relate oo ete eee ok tena 8vo, 
Maire’s Modern Pigments and their Vehicles. ............c-++eeeeees 12mo, 
Maurer’sTechnical Mechanitoss <<.) striate cteia lore. © <1 :a ee ratacole ne rele catenin nena 8vo, 
Merriman’s Mechanics:of Materials... s <. domciew sre otansscede ots eee eter ene 8vo, 

* Strength of Materials... <.). a's & wae » sleicmwls ki aietae eee 12mo, 
Metcalf’s Steel. A Manual for Steel-users)...)....... +s ween een 12mo, 
*Sabin’s Industrial and Artistic Technology of Paint and Varnish... .... 8vo, 
Smith’s (GA. W.), Materials of Machines: .;. sjyetcicie claire a ckcheloe nee seene ene 12mo, 
* Smith's:(H. E.): Strength:of Materialssnyys ov. crcncis<ctenciereienerenete nereaeeee 12mo, 
Thurston's Materials of Engineering. cisceisenn ste siete eee etree 3 vols., 8vo, 
Part I. Non-metallic Materials of Engineering, ................ 8vo, 

Part 11. Iron and: Steels... arc. a «5 Beateec acts kee ne ee 8vo, 

Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 

Constittients sf oir. 2b iio 3.6 eve ole CESS Octet eee 8vo, 
Wood’s (De V.) Elements of Analytical Mechanics.................-. 8vo, 

Treatise on the Resistance of Materials and an Appendix on the 

Preservation of Timber. 5.) «2 ivac «aie « cals 2 'ictetoucleater etait een 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 

Steels Moccia cicve.c's ow oeteyele pete EL ence aes cas RRC 8vo, 


STEAM-ENGINES AND BOILERS. 


Berry’s“Temperature-entropy Diagram ow... Jc:....s--+ ce tales oh oie ol es 
Carnot’s Reflections on the Motive Power of Heat. (Thurston.)..... 12mo, 
Chase’sArtiof-Pattern® Making oreo ce ele caters rtce pete ena nnernee 12mo, 
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Creighton’s Steam-engine and other Heat Motors...........0000ee005 8vo, $5 


Dawson’s “ Engineering’’ and Electric Traction Pocket-book. ...16mo, mor. 


~iGenkiarcats beam Power Plant Engineering. 2.322 .ss<0 hs «ane cates eee 8vo, 
Mes GM OCOIMOL VG: PeTIOTMances, ay .\suc pe aadeeon bree acts Made ateelor els 8vo, 
Hemenway’s Indicator Practice and Steam-engine Economy......... 12mo, 
ate romicat lea crate tl Cat-En eines artigos te doleteia cies i Gwichclava tosis sta stonerece 8vo, 
Mechanical Engineering of: Power Plants, .2. 2. sccc ccviciss geliee 8vo, 
eter Se CCA TIM DOLMECTS MCOT OT Y vc, 5 ane che RIO Te Wat liens. baie scyake cue Sh clei bueenalavens 8vo, 
ieneasss Practiceand, bneory Ot, therlnyjectOrin us isiclsis.e 2's ois sete elie eue s 8vo, 
IO GRE CLES LLCO SV RLV OS Stace: BOA. vcria a PAM cet Pac Wel ceacuh TOR RAR we cil re AEE ST oe 8vo, 
Mexers Moderrlocomotive,Construction.:..... i. ..ss.csecees genesis 4to, 
MOWER SE LeAMI LUT DILCA CIS wel wiht the aitinatc casys elt) aS pishe, onesolecashevetoiate ce aie 8vo, 
Peabody’s Manual of the Steam-engine Indicator................+. 12mo, 
Tables of the Properties of Steam and Other Vapors and _Temperature- 

PEAR ERO ILA LC ater age. Stet ys, «irae aveRoucr bpateachei were neuehal Meta etna eEe wha 8vo, 
Thermodynamics of the Steam-engine and Other Heat-engines. . ..8vo, 
Nee CearadOr SLCAT-EN OITlGS, oo eters uc.e)s shone, cs ajeves ale open at's, Wise. ansusterece 8vo, 
edi cumaciceVuillers OLEatn=DOLers.ie os si djdes Water h!s olseoi ov Slageees ere al ale ee 8vo, 


Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 


MOS EER ETO.) Wd phen Gel > Saran, Masten on Spat k ae ie By ae Seay 12mo, 
Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 
Large 12mo, 


Sinclair’s Locomotive Engine Running and Management............ 12mo, 
Smart’s Handbook of Engineering Laboratory Practice. ............ 12mo, 
MCE Ne I= DOU: PTACTICE.< de, & lel wvckakohenet eto tee cist heveloia Glaus Ht bie. eimue ee eaclle 8vo, 
SpaneclemseNOtes: Ole BermocdyimamiCcss Sects) ail h. dte.s) sows caeheys as ome e's 12mo, 
WW GREETS ESN SS act Ae eS Cet na Bee eet age en ina rt er a Se 8vo, 
Spangler, Greene, and Marshall’s Elements of Steam-engineering...... 8vo, 
Sona eeSM LEAT CUT OIMCS.)., - Se yak, < satehseer etnies cee eel citi wiaedlae adhe sta 8vo, 
Thurston’s Handbook of Engine and Boiler Trials, and the Use of the Indi- 
Ga Loved Ha eilew ELON ya TAKE © ay. cens tt eiiisl ct hede Sichels sitlekieen aaa’ eet ele s 8vo, 
ie eeeeO Nic TEE WO} (Se Phey ET Ae iat WAG Ine yee ara ge a ee A eae 8vo, 
Manual of Steam-boilers, their Designs, Construction, and Operation 8vo, 
Wane Ore Gie. OLeAM=C GME ce. lees cceoues or acce creates ew 2 vols., 8vo, 
Pet te ePELISLOLY. wo LLCtube Wats LOeOry: ). tarsi ehcieedehel ee suas 2 8vo, 
Patti oesion Construction, and Operation ... paresis se tests 8vo, 
Wehrenfennig’s Analysis and Softening of Boiler Feed-water. (Patterson.) 
8vo, 
Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.)............ 8vo, 
Nat Wain Si CAIN -—EM PINE TIESTO Wats laiete ci s)e cio ewes ares Libis ew wule flees 8vo, 


Wood’s Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo 


MECHANICS PURE AND APPLIED. 


Pe itiie ce ECUANICS OL ifn PINCETING, «,<. ssa. c.c.s sols ee Waleiel dicle eee se elec 8vo, 

Notesrandt xamplesin sMechanicGss yo sole) strc oreuchctoteles cue. veiw levlel su ebatore |e 8vo, 
Dana’s Text-book of Elementary Mechanics for Colleges and Schools .12mo, 
Du Bois’s Elementary Principles of Mechanics: 


Mite al TeIMALICS mm wt Subse dur Gel deekete sia ste. Sa ereetstene s'dodter eats 8vo, 

Vict a mM tETCS) cts eas Syet hay.. se hetnch cedets esd) cle beeea ds olde ares ar ame 8vo, 
Merhanies mrunpineering.| VViOl) » Bods src cists) sceyessi eve gverere 0.6 8s Small 4to, 

IV PT TR eh A gal IN 2 icy de ners) siaher ule Small 4to, 

SRC emmreNoLCUCtUral MECOAMICS. sus: siche e gieicle t disse ave © othe easels ate Fre oe kes 8vo, 


Hartmann’s Elementary Mechanics for Engineering Students. (In Press.) 
James’s Kinematics of a Point and the Rational Mechanics of a Particle. 
Large 12mo, 


PP OnMseivoncVWiaseWs tl deoretical Mechanics, ii. «cis amicicereis ils @ = ere wees 12mo, 
eas BOTT MECN SC LVATI ICES <4 a. sriexccte,0) 8.6 oi au Loiielei eet ae hs ke eee oo) ohate whe Seeue elas 8vo, 
“3 Martin’ SrelbextE book on. Mechanics Vols ly Staticssnnsutads uc eles tenn e 12mo, 
* Vol. II, Kinematics and Kinetics.12mo, 

Mariners “hechnical;Mechanics: nu. ccc. sc sc ves was ee SRSER oe aE ee Svo, 
maMietmman Si lementsrOls MECH aniCS.< ces sis 9s aibco eek 4 areca aerels arte 12mo 
MMechiansescOlm Material Sans races h ete cen Reon seek) oe oat bempetonciicertels whee 8vo, 

a Michieis| lements of Analytical, Mechanics) 3.4.0.3 jas: saeed ede ss 8vo, 
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Robinson's Princtplestof Mechanism. a. 2 os ce ee ee ee 8vo, $3 


Sanborn’s*Mechanics: Problenisny seni tec vie ete ee ete Large 12mo, 
Schwamb and Merrill’s Elements of Mechanism.................:... 8vo, 
Wood’'s'Elements ‘of Analytical’Méehanics:*.40'.. o.sc.s. ts > eee 8vo, 
Principles of Elementary Mechanics; 7.0; fos. Fee. oes eee 12mo, 
MEDICAL. 

* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 
Defreni) oo e4s oad fdks ards RE0% Bee ae on re ee ee 8vo, 

von Behring’s Suppression of Tuberculosis. (Bolduan.)............12mo, 
Bolduah'’s Immune Seray \ iets ee ieee tee cee eee geet ee 12mo, 
Bordet’s'Studiesin. Immunity> (Gayest esis 4 on ee oe el eee 8vo, 


Chapin’s The Sources and Modes of Infection. (In Press.) 
Davenport’s Statistical Methods with Special Reference to Biological Varia- 


HONS do eH eas eR eR esterase Pe PMER a tonne eee Gem tee, 16mo, mor. 
Ehrlich’s Collected Studies on _ Immunity. (Bolduan.)............... 8vo, 
* Fischer’s “Physiology ot Alimentation-... srs») sun eee Large 12mo, 
de Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large 12mo, 
Hammarsten’s Text-book on Physiological Chemistry. (Mandel.). ....8vo, 
Jackson’s Directions for Laboratory Work in Physiological Chemistry. .8vo, 
Lassar-Cohn’s Practical Urinary Analysis.“ (Lorenz.):7:.2-2. wees 12mo, 
Mandel’s Hand-book for the Bio-Chemical Laboratory.........:....12mo, 
* Nelson’s Analysis of -_Drugs and Medicines. .......0.999)>. SP 12mo, 
* Pauli’s Physical Chemistry in the Service of Medicine. (Fischer.)..12mo, 
* Pozzi-Escot’s Toxins and Venoms and their Antibodies. (Cohn.)..12mo, 
Rostoski’s:Serum Diagnosis™: (Bolduan!) 727225. 23s ee ee ee 12mo, 
Ruddiman’s Incompatibilities in. Prescriptions:.\. <2 .-< «en's. alee 8vo, 

Whys in’ Pharmacys.". 225 Sa880. OSS oe ee 12mo, 
Salkowski’s Physiological and Pathological Chemistry. (Orndorff.) ....8vo, 
* Satterlee’s Outlines of Human Embryology. ......0......sce0+-0s 12mo, 
Smith’s Lecture Notes on Chemistry for Dental Setidents ir; ee 8vo, 
* Whipple's; Tyhpoid Fevere iis. a. 5 00.!.sc eels ete el eaten one ieee Large 12mo, 
* Woodhull’s Military Hygiene for Officers of the Line........ Large 12mo, 

*' Personal Hygiene... 20s one tie, oie haere te ee eee one ee 12mo, 


Worcester and Atkinson’s Small Hospitals Establishment and Maintenance, 
and Suggestions for Hospital Architecture, with Plans for a Small 


Hospital.: sci. °sists set cletee ie ac otal tte ta cee: op ov eee NaC nae te nena 12mo, 
METALLURGY. 
Betts’s Lead Refining’ by Electrolysis.-- aia s.r cies. cie em otarahen et eennee 8vo, 
Bolland’s Encyclopedia of Founding and Dictionary of Foundry Terms used - 
in the Practice of Moulding. 2 2o cnc recess ciao eae eae 12mo, 
Tron’ Founders. toe tas ce ee eee oe aeiots Pale ee eae 12mo, 
4] i Supplement. 029% oo od ciel ake etee ee ee ere eee 12mo, 
Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
* Tles’s Lead-smelting. 2 oh 08. a). w 5 ol ee eee ae an ee 12mo, 
Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, 
Steel-making Alloys and Graphite: ...2...s.. «eee es Large 12mo, 
Keeép’s Cast? Irons. 20. oe ok Sa tee ne tore Oa es ee 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.) 
12mo, 
Metcalf’s Steel. A Manual for Steel-users: 2750008 22555. oe eae ee 12mo, 
Minet’s Production of Aluminum and its Industrial Use. (Waldo.). . 12mo, 
* Ruer’s Elements of Metallography. (Mathewson.)................-. 8vo, 
Smith's Materialsvof Machines: a-..foc camera ate aka oe? ee eens 12mo, 
Tate and’ Stone's Foundry Practice.: o. a. s« 050 © care ceeteneret ct enema 12mo, 
Thurston’s Materials of Engineering. In Three Parts................ 8vo, 
' Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 9. 
Part®LL. « Tron-and: Steels. atte. bane eee ee ae eee 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Constituents ss cist viaceie sree wise eae eee ct tapas ER ee ee ee 8vo, 
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ike. Modern Electrolytic Copper nefning Vt ta. oe os 5 te wale woe one 8vo, $3 


Wiras sl imeicam HOUNdrY FLAGCliCG.. ¢c:.jc)cutelé cs caslithe tees eltee ek es 12mo, 
ING SRNR RET ESS NG Sp: G 5 BY YO my lenge i Ale aU BP ad ae ayer Se ee A mee 12mo, 
MINERALOGY. 
Baskerville’s Chemical Elements. (In Preparation.) 
* Browning’s Introduction to the Rarer Elements................... 8vo, 
Brush’s Manual of Determinative Mineralogy. (Penfield.)............ 8vo, 
Batier s,Pocket Hand-book. of:Minerals. 4.2... 0 6c bee a aepenslece ens 16mo, mor. 
MHEStercucatalOoscte Ole Minerals acters tac nc bre oie 0 a tatale tore vavs. te ar ae'ts 8vo, paper, 
Cloth, 
eee RO ATIC Ail Cla suites ofereis es soars a aloe 01's 6 é. Suchet sBemsace vos abe; $0 looters 8vo, 
Dana’s First Appendix to Dana’s New ‘‘System of Mineralogy’’. . Large 8vo, 
Dana’s Second Appendix to Dana’s New “‘System of Mineralogy.”’ 
: Large 8vo, 
Maontiawore Vineralogy, and Petrograplyy..c.gac sso p.0sr.5i0.0) 0: vis ois) suelo los 12mo, 
Mire tceatic, Flows to.otudy, LOCI. « tes dois seis oo ck se oe «sue a als ons 12mo, 
Py ster Ore VM INeTAlO RY. Gskis « cise i366 ont Steae teers Large 8vo, half leather, 1 
esc eWOOKLOLMMIMer ALO Cy eiits ct tealder ore. apagth feaspahels coderZiah> wiSt heats. ds lonans 8vo, 
Douglas’s Untechnical Addresses on Technical Subjects............. 12mo, 
Pee eam mene tcl eo accede Sent WO haere gcd: aus de ead ais, Asie ote sas (e eielincae 8vo, 
Eckel’s Stone and Clay Products Used in Engineering. (In Preparation.) 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
Groth’s The Optical Properties of Crystals. (Jackson.) (In Press.) 
Groth’s Introduction to Chemical Crystallography (Marshall)........12mo, 
miaves senandbook tor Pield Geologists. ..j.:.18 oot mce scenes 0 5 16mo, mor. 
Meee TIS SmINOCKS arin wrt wn irate leis cnatess ee e082 ce. sWelihaueve@rereye! uo ake 8vo, 
WOgGie INE OSTERE Siete AA Ae a ea event Ea aC CPUC nee ene eee 8vo, 
Johannsen’s Determination of Rock-forming Minerals in Thin Sections. 8vo, 
With Thumb Index 
* Martin’s Laboratory Guide to Qualitative Analysis with the Blow- 
SNES ye, Gon SS ES BiG bacilli ENG CRORE EEE Reece ec a en Boren 12mo, 
Merrill's Non-metallic Minerals: Their Occurrence and Uses. .......... 8vo, 
PLaMecn Orn is (ilcin gt Andi ECOLAtiOn. <yenctaie) fe cuclecore/elelche ayes « Bulsvsunte 8vo, 
* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
8vo, paper, 
Tables of Minerals, Including the Use of Minerals and Statistics of 
MO mmeStiCmETOn TIC tO iles aap iiend ose. <. clals co Ego e, <p fa) caaileouarend 2) pINeLenys 8vo, 
MEPIECcOMmee rocks and. ROCK MinefalS. cect oc elec sas eeeeses sees 12mo, 
mMiRichardss oynopsis of Mineral,Characters. claim scence ss sme 12mo, mor. 
* Ries’s Clays: Their Occurrence, Properties and Uses................ 8vo, 
* Ries and Leighton’s History of the Clay-working Industry of the United 
DLC Seana Ae Gh RL eneeeee ethyl oeeMenAe Mieke seb acg seh ous it, dle Suter BS, S) an siec one 8vo, 
* Tillman’s Text-book of Important Minerals and Rocks.............. 8vo, 
Washington’s Manual of the Chemical Analysis of Rocks............. 8vo, 
MINING. 
Secara ceMine Gases-and., Xplosions! 4.5 s<'. v6.0 ss ss ew ele eae s Large 12mo, 
BITRE RRC C MAT CLOT Ero ote. Sorel rece uies sisi age crete Meee oe ns 8vo, 
~index-of Mining Engineering Literature..... 05.6.2 -05cs cee bees 8vo. 
* 8vo, mor 
Ore Mining Methods. (In Press.) 
Douglas's Untechnical Addresses on Technical Subjects. ............ 12mo, 
Paesleiase MOdetNe EL IClt vl) x PlOSI VESHae tek Wiebe oles oRuvile hee! sic isle alae ts elec enue c 8vo, 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
Tilisen cecum amie nore Miri 4 avelete ate, sebietate oa sare» tin) epoailnGaletsicts fvepelemssigiee 8vo, 
MRS Se LGC RES LEVON CII os aks) ace. se:-a! ove; aut Palevele sterols tale ecaiclet op é¥ 4 Ga teiaterarags 12mo, 
eee Compressed Airy Plant for Mines. <0. iii sisats fers Hedtapys ec - 3 tes 8vo, 
Riemer’s Shaft Sinking Under Difficult Conditions. (Corning and Peele.)8vo, 
RUViGa VGIESMM A litaty luk DIOSLY CM sci 2. eimai crete ture Scateta and tie iarelalece’s 8vo, 
Wilson’s Hydraulic and Placer Mining. 2d edition, rewritten.......12mo, 
Treatise on Practical and Theoretical Mine Ventilation........ 12mo, 
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SANITARY SCIENCE. 


Association of State and National Food and Dairy Departments, Hartford 


Meéting, 19062 hie os oe eee he ther ec ee eee cade ne ne ee 8vo, 
Jamestown: Meeting, 19072. = es oe te ee ee eee 8vo, 
* Bashore’s Outlines of Practical/Santtation.-.. oe).)) 2 ee eee 12mo, 
Sanitation of a Country House. 5 obese oe eee 12mo, 
Sanitation of Recreation Camips’and Parks...2.-)..-5 eee 12mo, 
Chapin’s The Sources and Modes of Infection. (In Press.) 
Folwell’s Sewerage. (Designing, Construction, and Maintenance.)..... 8vo, 
Wateéer-supply Engineering 2 aie ca ree et tees eae 8vo, 
Fowler's Sewage Works Analyses:= fin. ote se 12mo, 
Fuertes’s “Water-filtration Workss.2s. cue cs sce oe elon Fe eee 12mo, 
Water and: Public’ Healthy 42-e) ae eee eet eee Pesos: 12mo, 
Gerhard’s Guide to Sanitary Inspections»... oe eee eee oe ee nee 12mo, 
* Modern’ Baths'and Bath! Houses!.-. 2 cee eee cee ee 8vo, 
Santtation of Public Burldinesa. .. eee ae Piet eee ee os ee 12mo, 
* The Water Supply, Sewerage, and Plumbing of Modern City Buildings. 
* 8vo, 
Hazen’s'Clean Water‘and How to Getilt: js sac cts ete eee Large 12mo, 
Filtration of Public Water-stpplies! 7. 7... 2. ete cee ene 8vo, 


Kinnicut, Winslow and Pratt’s Purification of Sewage. (In Preparation.) 
Leach’s Inspection and Analysis of Food with Special Reference to State 


Contror ee aie ere tte ie ee ee eet a 8vo, 
Mason’s Examination of Water. (Chemical and Bacteriological)..... 12mo, 
Water-supply. (Considered principally from a Sanitary Standpoint). 
8vo, 
* Merriman’s’ Elements of Sanitary Engimeering:. 5... .-. + sae eine 8vo, 
Ogden’s ‘Sewer’Consiruction’.’. .2 . c.12.'rs sletetoters cts othe: at ee 8vo, 
Sewer ‘Design’ P2055 $8 5-33.2 Joes Fane ene ee fe ee 12mo, 
Parsons’s Disposal’ of Municipal Refuses... .>.. ee. oe ohne 8vo, 
Prescott and Winslow’s Elements of Water Bacteriology, with Special Refer- 
ence to Sanitary Water Analysisow . ses. cm. re nts: eee 12mo, 
* Price's “Hand book/on'panitationz=: i ier: = tere ene er ee ee 12mo, 
Richards’s Costof Cleannessi2 os es wereres ee tee ee ee 12mo, 
Cost of Food: |-A Study. im Dietaries.. 22. ee ee 12mo, 
Cost of Living as Modified by Sanitary Science................ 12mo, 
Cost oP Shelters eerie cs occa ces che cee i ea tn oe a 12mo, 
* Richards*and Williams's Dietary Gomputer..).2 eee eee. foe on ae 8vo, 
Richards and Woodman’s Air, Water, and Food from a Sanitary Stand- 
DOIN. oaks esi May O Bds Shee a Se 2 ua ne OO ee ee 8vo, 
* Richey’s Plumbers’, Steam-fitters’, and Tinners’ Edition (Building 
Mechanics’ Ready Reference Series). ................ 16mo, mor. 
Rideal’s Disinfection andthe Preservation*‘of Food: .v fo... .2 eee 8vo, 
Sewage and Bacterial Purification of Sewage.........2..-.e-000- 8vo, 
Soper s Air and Ventilation of Subways-. +. ees sem eet ae cee 12mo, 
Turneaure and Russell’s Public Water-supplies; 75-0... oe 8vo, 
Venable’s. Garbage Crematories in America, ©.) ¢. seen oe eee 8vo, 
Method and Devices for Bacterial Treatment of Sewage.......... 8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
Whipple's Microscopy of Drinking-water?...., 2. - slvcksoithee tte nee eee 8vo, 
FHT ONGIC ROW ETs: caters ce aero on oton.tc cae ieee eect ko, aaa ene nea Large 12mo, 
Value ‘of Pure “Water esate ere co tes cen eee hee Large 12mo, 
Winslow’s Systematic Relationship of the Coccacez........... Large 12mo, 
MISCELLANEOUS. 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
International Congress ot (\Geologists:at ees eee Large 8vo. 
Ferrel’s,Popular ‘Treatise on. the \Winds.... © semis te fae ote te 8vo, 
Fitzgerald's. Boston’Machinist/:.. ainee ure tek cain eee 18mo, 
Gannettis Statistical Abstract otvthe World... © ccjcee sien ...24mo, 
Haines’s American) Railway Management... 9262.8 2002. .22 osu 12mo, 
Hanausek’s The Microscopy of Technical Products. (Winton)....... 8vo, 
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Jacobs’s Betterment Briefs. A Collection of Published Papers on Or- 


Sani ZeEGe NGustiia lo MtiClenO yam weieles sie 7 Stele crate ckei node, excl ove 8vo, 
Metcalfe’s Cost of Manutactures, and the Administration of Workshops..8vo, 
MeMrRMpAMMEPTONCIORT CUALES. of ily tills 9 os 4.5 toh stinsi> o's v vidth aw clettiglns & cous 8vo, 


Ricketts’s History of Rensselaer Polytechnic Institute 1824-1894. 
Large 12mo, 


Rotherham’s Emphasised New Testament... ...........20000: Large 8vo, 
Rust’s Ex-Meridian Altitude, Azimuth and Star-finding Tables........ 8vo, 
Standage’s Decoration of Wood, Glass, Metal, etc.................. 12mo, 
Thome’s Structural and Physiological Botany. (Bennett).......... 16mo, 
Westermaier’s Compendium of General Botany. (Schneider)......... Svo, 
Winslow's Elements of Applied Microscopy.........cccescccccccece 12mo, 


HEBREW AND CHALDEE TEXT-BOOOKS. 


Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 
ERTO CELI GS Wace matict Aare aoe tae ee cue’ sce thre ce one Small 4to, half mor, 
asreen s Mlementary Hebrew Grammar... ...cccecscnccveccsccacneve 12mo, 
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